
'RXEOH 1HJDWLRQ LQ /XNDVLHZLF]
V 3URSRVLWLRQDO

/RJLF

0LFKDHO %HHVRQ

/DUU\ :RV

$SULO ��� ����

� ,QWURGXFWLRQ

$OWKRXJK SURSRVLWLRQDO FDOFXOXV LV RQH RI WKH ROGHVW DUHDV RI ORJLF� QRW DOO RI LWV
P\VWHULHV KDYH EHHQ XQORFNHG� $ QXPEHU RI GLmHUHQW D[LRPDWL]DWLRQV DQG SURRI
V\VWHPV IRU SURSRVLWLRQDO ORJLF DUH NQRZQ� VRPH RI ZKLFK SHUPLW WKH IRUPXODWLRQ
RI D ?VLQJOH D[LRP�^D IRUPXOD IURP ZKLFK DOO WDXWRORJLHV FDQ EH GHULYHG� 7KH
H[LVWHQFH RI WUXWK WDEOHV DQG RWKHU GHFLVLRQ SURFHGXUHV IRU SURSRVLWLRQDO ORJLF
QRWZLWKVWDQGLQJ� LW LV E\ QR PHDQV WULYLDO WR SURYH� IRU H[DPSOH� WKDW D JLYHQ ���
V\PERO IRUPXOD LV LQ IDFW D VLQJOH D[LRP� 7UXWK WDEOHV DQG GHFLVLRQ SURFHGXUHV
FDQ EH XVHG WR GHWHUPLQH LI D JLYHQ IRUPXOD LV D WDXWRORJ\� RU WR FRQVWUXFW D
SURRI RI D JLYHQ IRUPXOD IURP FHUWDLQ D[LRPV DQG UXOHV� EXW JHQHUDOO\ WKH\ DUH
QRW KHOSIXO LQ nQGLQJ SURRIV RI NQRZQ D[LRPV IURP RWKHU IRUPXODV �ZKLFK LV ZKDW
RQH PXVW GR WR YHULI\ WKDW D IRUPXOD LV D VLQJOH D[LRP�� 7KH VHDUFK IRU VXFK
SURRIV KDV UHFHQWO\ EHFRPH D WHVWEHG LQ DXWRPDWHG GHGXFWLRQ� :H KHUH SURYH D
WKHRUHP DERXW SURSRVLWLRQDO ORJLF� WKDW MXVWLnHV D VKRUWFXW LQ VXFK DXWRPDWHG
SURRI�VHDUFK PHWKRGV� DQG EHVLGHV� KDV LWV LQWULQVLF HVWKHWLF DSSHDO�
/HW / EH /XNDVLHZLF]
V IRUPXODWLRQ RI SURSRVLWLRQDO FDOFXOXV LQ WHUPV RI

LPSOLFDWLRQ DQG QHJDWLRQ� GHQRWHG E\ L DQG Q� DV JLYHQ RQ SDJH ��� RI >�@ S�
���� 6SHFLnFDOO\� / KDV WKUHH D[LRPV�

/� L�L�[� \�� L�L�\� ]�� L�[� ]���

/� L�L�Q�[�� [�� [�

/� L�[� L�Q�[�� \��

7KH LQIHUHQFH UXOHV WR EH XVHG ZLWK WKHVH D[LRPV DUH PRGXV SRQHQV DQG VXE�
VWLWXWLRQ� 6SHFLnFDOO\� JLYHQ D PDMRU SUHPLVV L�S� T� DQG D PLQRU SUHPLVV S� WKH
FRQFOXVLRQ RI PRGXV SRQHQV LV T� 7KH VXEVWLWXWLRQ UXOH SHUPLWV WKH GHGXFWLRQ
RI S} IURP S� ZKHUH } LV DQ\ VXEVWLWXWLRQ� :H DOVR FRQVLGHU D PRUH UHVWULFWLYH

�



LQIHUHQFH UXOH FDOOHG FRQGHQVHG GHWDFKPHQW� RQH VHFWLRQ RI WKH SDSHU LV GHYRWHG
WR WKH UHODWLRQVKLS EHWZHHQ WKLV UXOH DQG WKH PRGXV�SRQHQV�VXEVWLWXWLRQ V\V�
WHP� 2XU PDLQ WKHRUHPV DSSO\ WR /��/� ZLWK FRQGHQVHG GHWDFKPHQW DV ZHOO DV
WR /��/� ZLWK PRGXV SRQHQV DQG VXEVWLWXWLRQ�
$ GRXEOH QHJDWLRQ LV D IRUPXOD Q�Q�W��� ZKHUH W LV DQ\ IRUPXOD� $ IRUPXOD

$ FRQWDLQV D GRXEOH QHJDWLRQ LI LW KDV D VXEIRUPXOD WKDW LV D GRXEOH QHJDWLRQ�
$ GHULYDWLRQ FRQWDLQV D GRXEOH QHJDWLRQ LI RQH RI LWV IRUPXODV FRQWDLQV D GRX�
EOH QHJDWLRQ� 6XSSRVH WKDW WKH IRUPXOD $ FRQWDLQV QR GRXEOH QHJDWLRQV DQG LV
GHULYDEOH LQ /� 7KHQ GRHV $ KDYH D GHULYDWLRQ LQ / WKDW FRQWDLQV QR GRXEOH QHJD�
WLRQ" :H DQVZHU WKLV TXHVWLRQ LQ WKH DpUPDWLYH� E\ WUDQVODWLQJ / LQWR VHTXHQW
FDOFXOXV DQG DSSO\LQJ *HQW]HQ
V FXW�HOLPLQDWLRQ WKHRUHP� DQG WKHQ WUDQVODWLQJ
WKH FXW�IUHH SURRI EDFN LQWR /�
7KH SURRI WKDW WKH WUDQVODWLRQ LV VRXQG UHTXLUHV nQGLQJ GRXEOH�QHJDWLRQ�IUHH

SURRIV RI WZHQW\�nYH VSHFLnF WKHRUHPV RI / WKDW DUH XVHG LQ WKH WUDQVODWLRQ� :H
XVHG WKH WKHRUHP�SURYHU 2WWHU WR nQG WKRVH SURRIV� 7R nQG WKHVH SURRIV E\
KDQG ZRXOG KDYH EHHQ WLPH�FRQVXPLQJ� WR VD\ WKH OHDVW�
7KH UHDVRQ ZK\ WKLV WKHRUHP LV LQWHUHVWLQJ LV WKDW LW MXVWLnHV D WHFKQLTXH XVHG

E\ :RV LQ FRQWUROOLQJ 2WWHU
V VHDUFK IRU SURRIV LQ WKLV DUHD� 1DPHO\� :RV IRXQG
LW XVHIXO WR FDXVH 2WWHU WR GLVFDUG� UDWKHU WKDQ UHWDLQ� DQ\ GRXEOH QHJDWLRQV
JHQHUDWHG GXULQJ WKH SURRI VHDUFK� 7KH WKHRUHP SURYHG KHUH VKRZV WKDW WKLV
VWUDWHJ\ LV D VDIH RQH� LQ WKDW WKHUH DUH QR WKHRUHPV ZKRVH SURRIV DFWXDOO\ UHTXLUH
WKH XVH RI GRXEOH QHJDWLRQV WKDW DUH QRW FRQWDLQHG LQ WKH WKHRUHP LWVHOI� $OVR� WKH
WKHRUHP KDV D FHUWDLQ DSSHDO EHFDXVH LW KDV WKH oDYRU RI D *HQW]HQ�VW\OH UHVXOW�
EXW DERXW D GHFLGHGO\ XQ�*HQW]HQ�OLNH SURRI V\VWHP� ,W VKRZV WKDW VRPHWKLQJ
RI WKH oDYRU RI FXW�IUHH SURRIV SHUVLVWV HYHQ LQ TXLWH GLmHUHQW IRUPXODWLRQV RI
SURSRVLWLRQDO ORJLF� DQG WKH SURRI� ZKLFK XVHV *HQW]HQ
V V\VWHPV DQG UHVXOWV�
VKRZV WKDW WKLV LV QRW DFFLGHQWDO�
:H ZRXOG OLNH WR WKDQN .HQQHWK +DUULV� %UDQGHQ )LWHOVRQ� 7HG 8OULFK� DQG

5REHUW 9HURm IRU WKHLU DWWHQWLRQ WR HDUO\ GUDIWV RI WKLV SDSHU^8OULFK DQG 9HURm
FRQWULEXWHG RQH OHPPD HDFK �/HPPDV � DQG ��� DQG +DUULV SXW /HPPD � LQWR
LWV SUHVHQW JHQHUDO IRUP�

� 6RPH WKHRUHPV SURYHG E\ 2WWHU

7KLV VHFWLRQ SUHVHQWV H[DPSOHV WR LOOXVWUDWH WKH WKHRUHP� 7KHVH VSHFLDO FDVHV
DUH QHHGHG LQ WKH SURRI DQG PXVW WKHUHIRUH EH GHDOW ZLWK GLUHFWO\� :H VXE�
PLWWHG DQ DSSURSULDWH LQSXW nOH WR WKH WKHRUHP�SURYHU 2WWHU� ZKLFK SURGXFHG
WKH SURRIV JLYHQ LQ WKH $SSHQGL[ �DIWHU VOLJKW HGLWLQJ IRU UHDGDELOLW\�� ,Q WKHVH
SURRIV� WKH nUVW FROXPQ LV WKH VWDWHPHQW QXPEHU� DQG WKH VHFRQG FROXPQ OLVWV
WKH MXVWLnFDWLRQ IRU WKH OLQH�

/HPPD � / SURYHV WKH IROORZLQJ IRUPXODV ZLWKRXW GRXEOH QHJDWLRQ�

L�L�[� Q�[��� Q�[�� ���
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L�L�[� L�Q�\�� ]��� L�Q�L�[� \��� ]�� ����

L�L�Q�L�[� \��� ]��� L�[� L�Q�\�� ]�� ����

L�L�[� L�\� ]��� L�Q�L�[�Q�\���� ]�� ����

L�L�Q�L�[� Q�\���� ]�� L�[� L�\� ]��� ����

L�L�[�Q�\��� L�L�Q�[�� ]�� L�\� ]��� ����

L�L�Q�[�� \�� L�L�[� ]�� L�Q�\�� ]��� ����

L�L�[� L�Q�\�� ]��� L�[� L�Q�]�� \��� ����

L�L�[� L�\� ]��� L�[� L�Q�]�� Q�\���� ����

L�L�[� L�Q�\�� Q�]���� L�[� L�]� \��� ����

L�L�[� L�\�Q�]���� L�[� L�]� Q�\���� ����

L�L�[� L�\� L�]� Z���� L�[� L�]� L�\� Z��� ����

3URRI� 6HH WKH $SSHQGL[�

/HPPD � / SURYHV L�Q�Q�[��� [� ZLWKRXW XVLQJ DQ\ GRXEO\�QHJDWHG IRUPXOD H[�

FHSW Q�Q�[���

3URRI� 7KH IROORZLQJ SURRI ZDV SURGXFHG XVLQJ 2WWHU�

�� >/��/�@ L�L�L�L�[� \�� L�]� \��� X�� L�L�]� [�� X��
�� >/��/�@ L�L�L�Q�[�� \�� ]�� L�[� ]��
�� >�����@ L�L�[� L�\� ]��� L�L�X� \�� L�[� L�X� ]����
�� >�����@ L�L�[� Q�\��� L�\� L�[� ]���
�� >����@ L�[�[�
�� >����@ L�L�[� \�� L�L�Q�L�\� ]��� L�\� ]��� L�[� ]���
�� >�����@ L�[� L�\� L�Q�[�� ]���
�� >�����@ L�L�[� L�Q�L�\� ]��� L�\� ]���� L�L�X� \�� L�[� L�X� ]����
�� >����@ L�[� L�Q�L�L�Q�\�� \�� \��� ]��
��� >�����@ L�L�[� L�Q�\�� \��� L�]� L�[� \���
��� >������@ L�L�Q�[�� \�� L�]� L�L�\� [�� [���
��� >������@ L�L�[� L�\� ]��� L�L�Q�]�� \�� L�[� ]���
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��� >������@ L�L�[� L�Q�\�� ]��� L�L�X� L�]� \��� L�[� L�X� \����
��� >�����@ L�L�Q�[�� Q�\��� L�\�[��
��� >������@ L�L�Q�[�� \�� L�L�]� L�X� [��� L�L�\�X�� L�]� [����
��� >������@ L�[� L�\�[��
��� >�������@ L�L�[� L�\� ]��� L�\� L�[� ]���
��� >����/�@ L�Q�[�� L�[� \��
��� >�������@ L�L�Q�[�� \�� L�Q�\�� [��
��� >������@ L�Q�Q�[��� [�

7KDW FRPSOHWHV WKH SURRI RI /HPPD ��
7KH IROORZLQJ WZR OHPPDV ZHUH SURYHG E\ KDQG� RU E\ D VSHFLDOO\ FRPSLOHG

YHUVLRQ RI 2WWHU� VLQFH WKH SXEOLFO\ DYDLODEOH YHUVLRQ RI 2WWHU SURYHV D PRUH
JHQHUDO WKHRUHP DQG WKHQ LGHQWLnHV VRPH YDULDEOHV WR REWDLQ WKHVH UHVXOWV� 7KH
2WWHU SURRI WKHQ GRHV QRW FRUUHVSRQG WR D SURRI E\ FRQGHQVHG GHWDFKPHQW�

/HPPD � / SURYHV L�L�[�[�� L�Q�[�� Q�[����

3URRI � >7HG 8OULFK� IRXQG ZLWKRXW PDFKLQH DVVLVWDQFH@� 7KH nUVW WZR OLQHV EHORZ
DUH IRUPXODV VKRZQ LQ /HPPD � WR EH SURYDEOH�

� ��� L�L�[� L�[� \��� L�[� \��
� ��� L�L�[� \�� L�Q�\�� Q�[���
�� >��/�@ L�L�[�[�� L�[�[��
�� >/���@ L�L�L�Q�\�� Q�[��� ]�� L�L�[� \�� ]��
�� >�����@ L�L�[�[�� L�Q�[�� Q�[���

/HPPD � / SURYHV L�L�[�[�� L�L�\� \�� L�L�[� \�� L�[� \�����

3URRI � >5REHUW 9HURm� XVLQJ D VSHFLDO YHUVLRQ RI 2WWHU@�

�� >/��/�@ L�Q�L�L�Q�[�� [�� [��� \�
�� >/��/�@ L�L�L�L�[� \�� L�]� \��� X�� L�L�]� [�� X��
�� >/����@ L�L�[� \�� L�Q�L�L�Q�]�� ]�� ]��� \��
�� >/��/�@ L�L�L�Q�[�� \�� ]�� L�[� ]��
�� >/��/�@ L�L�[� \�� L�L�Q�[�� [�� \��
�� >���/�@ L�[�[�
�� >���/�@ L�L�[� \�� L�[� \��
�� >�����@ L�L�Q�L�[� \��� L�[� \��� L�[� \��
�� >�����@ L�[� L�Q�L�L�Q�\�� \�� \��� ]��
�� >���/�@ L�L�L�Q�L�L�Q�[�� [�� [��� \�� ]�� L�X� ]��
�� >�����@ L�L�[� L�\� ]��� L�L�X� \�� L�[� L�X� ]����
�� >���/�@ L�L�[� \�� L�L�L�[� ]�� X�� L�L�\� ]�� X���
�� >�����@ L�[� L�L�Q�\�� \�� \��
�� >�����@ L�L�[� L�Q�\�� \��� L�]� L�[� \���
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�� >�����@ L�L�Q�[�� \�� L�]� L�L�\� [�� [���
�� >���/�@ L�[� L�\� \��
�� >�����@ L�[� L�L�Q�\�� ]�� L�L�]� \�� \���
�� >�����@ L�[� L�L�L�\� \�� ]�� ]��
�� >�����@ L�L�Q�[�� \�� L�L�\� [�� [��
�� >�����@ L�L�[� L�\� ]��� L�L�Q�]�� \�� L�[� ]���
�� >�����@ L�[� L�L�\� [�� [��
�� >�����@ L�L�[� L�\� ]��� L�]� L�[� ]���
�� >�����@ L�[� L�[�[��
�� >�����@ L�[� L�\�[��
�� >�����@ L�L�[� L�\� \��� L�[� L�\� \���
�� >�����@ L�L�[� L�\� [��� L�[� L�\�[���
�� >�����@ L�L�[� L�Q�\�� ]��� L�L�X� L�]� \��� L�[� L�X� \����
�� >�����@ L�L�[� L�L�\� ]�� X��� L�L�\� Y�� L�[� L�L�Y� ]�� X����
�� >�����@ L�L�[� L�\� ]��� L�\� L�[� ]���
�� >���/�@ L�L�L�[� L�\� ]��� X�� L�L�\� L�[� ]��� X��
�� >�����@ L�L�[� L�\� [��� L�\� L�[�[���
�� >���/�@ L�L�[� [�� L�L�\�[�� L�\�[���
�� >�����@ L�L�[� L�L�\� ]�� X��� L�L�\� \�� L�[� L�L�\� ]�� X����
�� >�����@ L�L�[� [�� L�L�\� \�� L�L�[� \�� L�[� \����

� &RQGHQVHG GHWDFKPHQW

$ PRUH UHVWULFWHG V\VWHP ZLWK D[LRPV /��/� KDV EHHQ FRQVLGHUHG LQ WKH OLWHU�
DWXUH >�� �@� DQG WKH RULJLQDO TXHVWLRQ DQVZHUHG LQ WKLV SDSHU ZDV DERXW WKDW
V\VWHP� 7KH VXEVWLWXWLRQ UXOH LV QRW XVHG� DQG PRGXV SRQHQV LV UHSODFHG E\ E\
FRQGHQVHG GHWDFKPHQW� LQ ZKLFK WKH PDMRU SUHPLVV LV L�S� T�� WKH PLQRU SUHPLVV
LV U ZKHUH U XQLnHV ZLWK S� DQG WKH FRQFOXVLRQ LV T}� ZKHUH } LV WKH PRVW JHQHUDO
XQLnHU RI S DQG U� )RU H[DPSOH� LI m LV D FRPSOLFDWHG IRUPXOD� DQG ZH ZLVK
WR GHGXFH L�m�m�� LW ZRXOG QRW EH DFFHSWDEOH WR nUVW GHGXFH L�[�[� DQG WKHQ
VXEVWLWXWH [  m� :H ZRXOG EH IRUFHG WR JLYH D �ORQJHU� GLUHFW GHULYDWLRQ RI
L�m�m��� :H VKDOO VKRZ LQ WKLV VHFWLRQ WKDW RXU WKHRUHP DERXW WKH HOLPLQDELOLW\
RI GRXEOH QHJDWLRQ KROGV IRU /��/� ZLWK FRQGHQVHG GHWDFKPHQW� LI DQG RQO\ LI LW
KROGV IRU /��/� ZLWK PRGXV SRQHQV DQG VXEVWLWXWLRQ� 6LPLODU EXW QRW LGHQWLFDO
UHVXOWV DUH LQ >�� �@�

/HPPD � (YHU\ IRUPXOD RI WKH IRUP L�m� m� LV SURYDEOH IURP /��/� E\ FRQ�

GHQVHG GHWDFKPHQW� ZLWKRXW XVLQJ GRXEOH QHJDWLRQV H[FHSW WKRVH RFFXUULQJ DV

VXEIRUPXODV RI m�

�,Q WKH DEVHQFH RI WKH VXEVWLWXWLRQ UXOH� DQ\ DOSKDEHWLF YDULDQW RI DQ D[LRP LV DOVR DFFHSWHG

DV DQ D[LRP� $Q ?DOSKDEHWLF� YDULDQW RI $ LV D IRUPXOD $} ZKHUH WKH VXEVWLWXWLRQ } LV RQH�

WR�RQH DQG PHUHO\ UHQDPHV WKH YDULDEOHV�
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3URRI � %\ /HPPD �� IRUPXODV ���� /HPPD �� DQG /HPPD �� WKH IROORZLQJ DUH
SURYDEOH E\ FRQGHQVHG GHWDFKPHQW �ZLWKRXW XVLQJ GRXEOH QHJDWLRQ� IURP /��/��

L�[�[� ����

L�L�[�[�� L�L�\� \�� L�L�[� \�� L�[� \���� ����

L�L�[�[�� L�Q�[�� Q�[��� ����

,W IROORZV E\ LQGXFWLRQ RQ WKH FRPSOH[LW\ RI WKH SURSRVLWLRQDO IRUPXOD m WKDW
IRU HDFK m� WKH IRUPXOD L�m�m� LV SURYDEOH LQ /��/� E\ FRQGHQVHG GHWDFKPHQW�
7KH EDVH FDVH� ZKHQ m LV D SURSRVLWLRQ OHWWHU� IROORZV E\ UHSODFLQJ [ E\ m LQ WKH
SURRI RI L�[�[�� 7KH OLQH �WKH SURRI LQ /HPPD � LV RQO\ WZR OLQHV ORQJ� WKDW LV DQ
D[LRP EHFRPHV DQ DOSKDEHWLF YDULDQW RI DQ D[LRP� ZKLFK LV VWLOO FRQVLGHUHG DQ
D[LRP� ,I ZH KDYH D SURRI RI L�n� n� WKHQ ZH FDQ DSSO\ FRQGHQVHG GHWDFKPHQW
DQG L�L�[� [�� L�Q�[�� Q�[��� WR JHW D SURRI RI L�Q�n�� Q�n��� 7KLV FRXOG LQWURGXFH
D GRXEOH QHJDWLRQ LI n LV DOUHDG\ D QHJDWLRQ� EXW LQ WKDW FDVH LW LV D GRXEOH
QHJDWLRQ WKDW DOUHDG\ RFFXUV LQ m  Q�n�� DQG VR LV DOORZHG� 6LPLODUO\� LI ZH
KDYH SURRIV RI L�m� m� DQG L�n�n�� ZH FDQ DSSO\ FRQGHQVHG GHWDFKPHQW WR WKH
VHFRQG IRUPXOD MXVW JLYHQ DQG JHW D SURRI RI L�L�m�n�� L�m�n��� 7KDW FRPSOHWHV
WKH SURRI RI WKH OHPPD�

/HPPD � /HW } EH D VXEVWLWXWLRQ DQG $ EH DQ\ IRUPXOD� 6XSSRVH WKDW m  $}

KDV QR YDULDEOHV LQ FRPPRQ ZLWK $ DQG WKH GRPDLQ RI } LV FRQWDLQHG LQ WKH VHW

RI YDULDEOHV RI $� 7KHQ } LV WKH PRVW JHQHUDO XQLnHU RI $ DQG $}�

5HPDUN � :H QHHG WKLV RQO\ ZKHQ $ LV DQ LQVWDQFH RI /�� /��RU /�� LQ ZKLFK
FDVH LW FDQ EH VHHQ PRUH GLUHFWO\ E\ FRQVLGHULQJ WKH XQLnFDWLRQ DOJRULWKP� %XW
.HQQHWK +DUULV VWDWHG �DQG SURYHG� WKH PDWWHU LQ WKH SURSHU JHQHUDOLW\� DQG ZH
JLYH KLV IRUPXODWLRQ KHUH�
3URRI � 'HnQH D VXEVWLWXWLRQ } WR EH LGHPSRWHQW LI }}  }� /HW '} EH WKH
GRPDLQ RI } DQG ,} WKH VHW RI YDULDEOHV FRQWDLQHG LQ WKH UDQJH RI }� L�H� WKH
YDULDEOHV LQWURGXFHG E\ } ZKHQ DSSOLHG WR WKH YDULDEOHV LQ LWV GRPDLQ� 7KHQ
'} ? ,} LV HPSW\ LI DQG RQO\ LI } LV LGHPSRWHQW�
1RZ OHW $ DQG } EH DV LQ WKH K\SRWKHVLV RI WKH OHPPD� 7KHQ '} ? ,} LV

HPSW\� VR } LV LGHPSRWHQW� 7KHUHIRUH } XQLnHV $ DQG $}� :H ZLOO VKRZ LW LV D
PRVW JHQHUDO XQLnHU� /HW n EH D VXEVWLWXWLRQ VXFK WKDW $n  $}n� DQG DVVXPH
WKH GRPDLQ RI n LV FRQWDLQHG LQ WKH VHW RI YDULDEOHV RI $� 7KHQ DOVR &n  &}n

IRU DOO VXEIRUPXODV & RI $� :H PXVW VKRZ WKDW IRU VRPH VXEVWLWXWLRQ m� ZH
KDYH n  }m� %XW LW VXpFHV WR WDNH m  n� OHW [ EH LQ WKH GRPDLQ RI n� WKHQ [
LV D VXEIRUPXOD RI $ DQG KHQFH ZH FDQ WDNH &  [ LQ &n  &}n� VR [n  [}n�
6LQFH [ ZDV DQ\ HOHPHQW RI WKH GRPDLQ RI n� ZH KDYH n  }n� 7KLV FRPSOHWHV
WKH SURRI RI WKH OHPPD�

/HPPD � (YHU\ VXEVWLWXWLRQ LQVWDQFH RI D[LRPV /�� /�� DQG /� LV SURYDEOH E\

FRQGHQVHG GHWDFKPHQW�
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3URRI � /HW m EH D VXEVWLWXWLRQ LQVWDQFH RI DQ D[LRP $ �VR $ LV RQH RI /�� /�� RU
/��� 5HQDPLQJ WKH YDULDEOHV LQ WKH D[LRP $ LI QHFHVVDU\� ZH PD\ DVVXPH WKDW
WKH YDULDEOHV RFFXUULQJ LQ $ GR QRW RFFXU LQ m� %\ /HPPD �� L�m�m� LV SURYDEOH
E\ FRQGHQVHG GHWDFKPHQW� /HW } EH WKH VXEVWLWXWLRQ VXFK WKDW $}  m� %\
WKH SUHFHGLQJ OHPPD� } LV WKH PRVW JHQHUDO XQLnHU RI m DQG $� VR ZH FDQ DSSO\
FRQGHQVHG GHWDFKPHQW WR L�m� m� DQG $ WR FRQFOXGH m� 7KDW FRPSOHWHV WKH SURRI
RI WKH OHPPD�

/HPPD � ,I $ LV SURYDEOH LQ /��/� ZLWK FRQGHQVHG GHWDFKPHQW� DQG } LV DQ\

VXEVWLWXWLRQ� WKHQ $} LV SURYDEOH LQ /��/� ZLWK FRQGHQVHG GHWDFKPHQW�

3URRI � 7KH EDVH FDVH KDV EHHQ GRQH LQ /HPPD �� )RU WKH LQGXFWLRQ VWHS�
VXSSRVH WKH ODVW LQIHUHQFH KDV WKH SUHPLVVHV L�S� T� DQG U� ZKHUH ~ LV WKH PRVW
JHQHUDO XQLnHU RI S DQG U� DQG WKH FRQFOXVLRQ LV T~  $� %\ WKH LQGXFWLRQ
K\SRWKHVLV� ZH KDYH FRQGHQVHG�GHWDFKPHQW GHULYDWLRQV RI L�S~}� T~}� DQG RI
U~}� 6LQFH S~  U~ � DOVR S~}  U~}� WKH LQIHUHQFH IURP L�S~}� T~}� DQG U~} WR
T~} LV OHJDO E\ FRQGHQVHG GHWDFKPHQW� +HQFH ZH KDYH D FRQGHQVHG GHWDFKPHQW
SURRI RI T~}  $}� 7KDW FRPSOHWHV WKH SURRI RI WKH OHPPD�

7KHRUHP � ,I /��/� SURYHV $ XVLQJ PRGXV SRQHQV DQG VXEVWLWXWLRQ� WKHQ /��

/� SURYHV $ XVLQJ FRQGHQVHG GHWDFKPHQW� E\ D SURRI LQYROYLQJ QR QHZ GRXEOH

QHJDWLRQV� WKDW LV� HYHU\ GRXEO\�QHJDWHG IRUPXOD LQ WKH FRQGHQVHG�GHWDFKPHQW

SURRI RFFXUV DOUHDG\ LQ WKH PRGXV�SRQHQV�DQG�VXEVWLWXWLRQ SURRI�

3URRI � :H SURFHHG E\ LQGXFWLRQ RQ WKH OHQJWK RI WKH GHULYDWLRQ XVLQJ PRGXV
SRQHQV DQG VXEVWLWXWLRQ� )RU WKH EDVH FDVH� $ LV DQ D[LRP� DQG WKHUH LV QRWKLQJ
WR SURYH� 6XSSRVH WKH ODVW LQIHUHQFH LV E\ VXEVWLWXWLRQ� ZLWK SUHPLVV % DQG
FRQFOXVLRQ $  %}� %\ WKH LQGXFWLRQ K\SRWKHVLV WKHUH H[LVWV D FRQGHQVHG�
GHWDFKPHQW SURRI RI %� %\ /HPPD �� WKHUH H[LVWV D FRQGHQVHG�GHWDFKPHQW
SURRI RI $� 1RZ VXSSRVH WKH ODVW LQIHUHQFH LV E\ PRGXV SRQHQV� LQIHUULQJ $ IURP
L�%�$� DQG %� %\ WKH LQGXFWLRQ K\SRWKHVHV WKHUH DUH FRQGHQVHG GHWDFKPHQW
SURRIV RI % DQG L�%�$�� 7KH LQIHUHQFH IURP WKHVH SUHPLVVHV WR $ FDQ EH PDGH
E\ FRQGHQVHG GHWDFKPHQW �WKH PRVW JHQHUDO XQLnHU UHTXLUHG LV WKH LGHQWLW\��
7KHUHIRUH WKHUH LV D FRQGHQVHG�GHWDFKPHQW SURRI RI $� 7KDW FRPSOHWHV WKH
SURRI RI WKH WKHRUHP�

� / DQG VHTXHQW FDOFXOXV

/HW *� EH WKH LQWXLWLRQLVWLF *HQW]HQ FDOFXOXV DV JLYHQ LQ .OHHQH >�@� /HW * EH
*� �PLQXV FXW�� UHVWULFWHG WR LPSOLFDWLRQ DQG QHJDWLRQ� L�H�� IRUPXODV FRQWDLQLQJ
RWKHU FRQQHFWLYHV DUH QRW DOORZHG� 7KXV WKH UXOHV RI LQIHUHQFH RI * DUH WKH IRXU
UXOHV LQYROYLQJ LPSOLFDWLRQ DQG QHJDWLRQ� SOXV WKH VWUXFWXUDO UXOHV� 7KH UXOHV RI
*� DUH OLVWHG RQ SS� ������� RI >�@� 7KH\ ZLOO DOVR EH JLYHQ LQ WKH FRXUVH RI WKH
SURRI�

�



:H UHPLQG WKH UHDGHU WKDW / LV SURSRVLWLRQDO ORJLF ZLWK /XNDVLHZLF]
V D[LRPV
/��/�� XVLQJ PRGXV SRQHQV DQG VXEVWLWXWLRQ DV LQIHUHQFH UXOHV� :H DOVR UHPLQG
WKH UHDGHU WKDW E\ WKH UHVXOWV RI WKH SUHFHGLQJ VHFWLRQ� /��/� ZLWK FRQGHQVHG
GHWDFKPHQW DV WKH RQO\ LQIHUHQFH UXOH SURYHV HYHU\ WKHRUHP RI /� DQG ZLWKRXW
LQWURGXFLQJ GRXEOH QHJDWLRQV WKDW ZHUH QRW SUHVHQW LQ WKH SURRI XVLQJ PRGXV
SRQHQV DQG VXEVWLWXWLRQ� :H JLYH D WUDQVODWLRQ RI / LQWR *� 1DPHO\� LI $ LV D
IRUPXOD RI /� WKHQ $� LV D IRUPXOD RI *� REWDLQHG E\ WKHVH UXOHV�

L�D� E��  D� � E�

Q�D��  �D�

2I FRXUVH� ZKHQ D LV D SURSRVLWLRQ OHWWHU �YDULDEOH� WKHQ D� LV MXVW D� ,I b  
$�� � � � � $Q LV D OLVW RI IRUPXODV RI /� WKHQ b

� LV WKH OLVW $�

�
� � � � �$�

Q
�

:H WUDQVODWH * LQWR / LQ WKH IROORZLQJ PDQQHU� )LUVW ZH DVVLJQ WR HDFK
IRUPXOD $ RI * D FRUUHVSRQGLQJ IRUPXOD $� RI /� JLYHQ E\

�$� %��  L�$�� %��

��$��  Q�$��

ZKHUH DJDLQ $�  $ IRU SURSRVLWLRQ OHWWHUV $� :H QHHG WR GHnQH b� DOVR� ZKHUH
b LV D OLVW RI IRUPXODV� EXW WKH GHnQLWLRQ LV GLmHUHQW IRU OLVWV RFFXUULQJ RQ WKH
OHIW RI � WKDQ IRU OLVWV RFFXUULQJ RQ WKH ULJKW� 2pFLDOO\ WKHQ� WKH �c�� IXQFWLRQ
WDNHV DQ DGGLWLRQDO DUJXPHQW ZKHQ LWV PDLQ DUJXPHQW LV D OLVW� :KDW ZH ZULWH
DV b� IRU KXPDQ UHDGDELOLW\ LV UHDOO\ �� HP OHIW�b� RU ��ULJKW�b�� :H DJUHH WR
VXSSUHVV WKH OHIW DQG ULJKW DUJXPHQWV� ZKLFK VKRXOG EH FOHDU IURP WKH FRQWH[W�
,I b  $�� � � � �$Q LV D OLVW RI IRUPXODV RFFXUULQJ RQ WKH OHIW RI �� WKHQ b

� LV
$�

�
� � � � � $�

Q
� ,I b  $�� � � � � $Q RFFXUV RQ WKH ULJKW RI �� WKHQ b

� LV D VLQJOH
IRUPXOD RI /� GHnQHG WKXV� )RU OLVWV RI OHQJWK �� VD\ >$@� ZH GHnQH >$@�  $��
:H GR QRW GHnQH >@�� ZKHUH >@ LV WKH HPSW\ OLVW� )RU OLVWV RI OHQJWK DW OHDVW �� ZH
GHnQH�

�$�� � � � �$Q��$Q���
�  L�$Q��� �$�� � � � � $Q�

��

�$�� � � � � $Q���
�  L�Q�$Q���� �$�� � � � � $Q�

�� LI $Q�� LV QRW D QHJDWLRQ

:H XVH UHFXUVLRQ IURP WKH ULJKW UDWKHU WKDQ WKH OHIW� VLQFH .OHHQH GHnQHG KLV
FRQWUDFWLRQ UXOH ?IURP WKH ULJKW�� 1RWH WKDW WKLV WUDQVODWLRQ GRHV QRW LQWURGXFH
GRXEOH QHJDWLRQV LQ �$�

�� � � � � $
�

Q
� ZKHUH QRQH RFFXU LQ �$�� � � � � $Q�� :H FDQ

H[SUHVV WKH WUDQVODWLRQ RI OLVWV LQ D VLQJOH HTXDWLRQ LI ZH LQWURGXFH WKH QRWDWLRQ
aQ E\ aQ�D�  Q�D� LI D LV QRW D QHJDWLRQ� DQG aQ�Q�D��  D� 7KHQ ZH KDYH

�$�� � � � �$Q���
�  L�aQ�$

Q���� L��$�� � � � �$Q
���

,Q JHQHUDO D ?IRUPXOD� RI / LQYROYLQJ aQ LV DQ DEEUHYLDWLRQ RI WZR RU PRUH IRU�
PXODV RI /��

7KHVH WZR WUDQVODWLRQV DUH LQYHUVHV�
�:H QRWH WKDW HVVHQWLDOO\ WKLV VDPH WUDQVODWLRQ KDV EHHQ JLYHQ LQ >�@ LQ FRQQHFWLRQ ZLWK

�



/HPPD � /HW $ EH D IRUPXOD RI /� 7KHQ $��

 $�

3URRI� %\ LQGXFWLRQ RQ WKH FRPSOH[LW\ RI $� ,I $ LV D YDULDEOH� WKHQ $�  $
DQG $��

 $� :H KDYH

L�[� \��
�

 �[� � \���

 L�[�
�

� \�
�

�

 L�[� \�

DQG ZH KDYH

Q�[��
�

 ���[����

 Q�[�
�

�

 Q�[�

+HQFHIRUWK ZH VLPSOLI\ RXU QRWDWLRQ E\ XVLQJ ORZHU�FDVH OHWWHUV IRU IRUPXODV
RI /� DQG XSSHU�FDVH OHWWHUV IRU IRUPXODV RI *� 7KHQ ZH FDQ ZULWH D LQVWHDG RI
$�� DQG $ LQVWHDG RI D�� %\ WKH SUHFHGLQJ OHPPD� WKHUH LV QR DPELJXLW\ LQ WKLV
FRQYHQLHQW QRWDWLRQ� 7KXV� IRU H[DPSOH� �$ � %�� LV L�D� E�� *UHHN OHWWHUV DUH
XVHG IRU OLVWV RI IRUPXODV� DQG XSSHU�FDVH DQG ORZHU�FDVH DJDLQ UHIHU WR * DQG
/� %XW EHDU LQ PLQG� LI d LV D OLVW RI OHQJWK � RU PRUH� IRU H[DPSOH $�%� WKHQ
t  d� LV L�Q�D�� E� ZKHQ d RFFXUV RQ WKH ULJKW RI ��
7KH IROORZLQJ OHPPD LV QHHGHG LQ FDUU\LQJ RXW DQ LQGXFWLYH SURRI ODWHU LQ

WKH SDSHU� ,W FDQ EH VNLSSHG RQ WKH nUVW UHDGLQJ� %\ �b�c� ZH PHDQ WKH UHVXOW
RI DSSHQGLQJ WKH OLVWV b DQG c� %\ �b� &� ZH PHDQ WKH UHVXOW RI DGGLQJ RQH
PRUH HOHPHQW & WR WKH OLVW b� :HUH ZH WR EH IRUPDO DERXW WKHVH PDWWHUV� ZH
ZRXOG UHJDUG WKH OLVWV DV ?ZULWWHQ EDFNZDUGV�� VR WKDW RXU UHFXUVLRQV IURP WKH
ULJKW HQG RI OLVWV ZRXOG EH QRUPDO OLVW UHFXUVLRQV� DQG �b� &� ZRXOG EH >&Mb@�
,QVWHDG RI LQWURGXFLQJ IRUPDO OLVW QRWDWLRQ� ZH VWLFN ZLWK �b� &� DQG �b�c��

/HPPD �� :KHQ WKH OLVW c LV QRW HPSW\� DQG �b�c� RFFXUV RQ WKH ULJKW RI

�� WKHQ �b�c�� LV HTXLYDOHQW LQ / WR L�aQ�c���b���

5HPDUN� :H VSHOO RXW ZKDW LV DEEUHYLDWHG E\ WKH XVH RI aQ LQ WKH VWDWHPHQW
RI WKH OHPPD� ,I c� LV D QHJDWHG IRUPXOD Q�m�� WKHQ �b�c�� LV HTXLYDOHQW WR
L�m�b��� 2WKHUZLVH� �b�c�� LV HTXLYDOHQW WR L�Q�c���b���
3URRI� %\ LQGXFWLRQ RQ WKH OHQJWK RI WKH OLVW c� :KHQ WKH OHQJWK RI c LV RQH�
WKH FRQFOXVLRQ RI WKH OHPPD LV MXVW WKH GHnQLWLRQ RI �b�c��� )RU WKH LQGXFWLRQ
VWHS� ZH UHSODFH c LQ WKH VWDWHPHQW RI WKH OHPPD E\ �c�&�� :H KDYH

�b� �c�&���  ��b�c��&�� E\ WKH DVVRFLDWLYLW\ RI DSSHQG

/XNDVLHZLF]
V PXOWL�YDOXHG ORJLFV� ,W LV WKH REYLRXV WUDQVODWLRQ RI *HQW]HQ FDOFXOXV LQWR WKH
LPSOLFDWLRQ�DQG�QHJDWLRQ IUDJPHQW RI SURSRVLWLRQDO FDOFXOXV� 6LQFH ZH QHHG WR FKHFN WKDW WKH
WUDQVODWLRQ LV VRXQG ZLWKRXW XVLQJ GRXEOH QHJDWLRQ� ZH FDQQRW DSSHDO WR DQ\ RI WKH UHVXOWV RI
>�@�

�



 L�aQ�&�� �b�c���

 L�aQ�&�� L�aQ�c���b��� E\ WKH LQGXFWLRQ K\SRWKHVLV

 L�aQ�&�� L�aQ�p�� o��

2Q WKH RWKHU KDQG�

L�aQ��c�&����b��  L�aQ�L�aQ�&�� p��� o�

 L�Q�L�aQ�&�� p��� o�

:KDW ZH QHHG WKHQ LV WKH HTXLYDOHQFH LQ / RI L�[� L�aQ�\�� ]�� DQG L�Q�L�[� \��� ]��
ZKLFK FRXOG EH DSSOLHG ZLWK [  aQ�&�� \  p� DQG ]  o� %HFDXVH RI WKH XVH
RI aQ� WKHUH DUH UHDOO\ WZR HTXLYDOHQFHV� RQH REWDLQHG E\ UHSODFLQJ aQ E\ Q� DQG
WKH RWKHU REWDLQHG E\ UHSODFLQJ aQ�\� E\ \ DQG \ E\ Q�\�� 7KHQ HDFK RI WKH WZR
HTXLYDODQFHV KDV WR EH IRUPXODWHG DV WZR LPSOLFDWLRQV LQ /� OHIW�WR�ULJKW DQG
ULJKW�WR�OHIW� 7KHVH IRXU WKHRUHPV KDYH DOUHDG\ EHHQ SURYHG LQ / DV IRUPXODV
���� WKURXJK ���� RI /HPPD �� 7KDW FRPSOHWHV WKH SURRI RI WKH OHPPD�

/HPPD �� �'HGXFWLRQ WKHRUHP IRU /� ,I / SURYHV D IURP DVVXPSWLRQV p�%�

WKHQ L�E� D� LV D WKHRUHP SURYHG LQ / IURP DVVXPSWLRQV p� 0RUHRYHU� LI WKH JLYHQ

SURRI KDV QR GRXEOH QHJDWLRQV� WKHQ WKLV SURRI LQ / IURP p KDV QR GRXEOH QHJD�

WLRQV�

3URRI� %\ LQGXFWLRQ RQ WKH OHQJWK RI SURRIV LQ /� %DVH FDVH� D HLWKHU LV E RU D
PHPEHU RI p� RU DQ D[LRP RI /� ,I D LV E� WKHQ ZH XVH WKH IDFW WKDW L�E� E� LV D
WKHRUHP RI /� SURYDEOH ZLWKRXW GRXEOH QHJDWLRQV �H[FHSW WKRVH RFFXUULQJ LQ E�
E\ /HPPD �� ,I D LV D PHPEHU RI p RU DQ D[LRP RI /� WKHQ ZH XVH WKH IDFW WKDW
L�[� L�\� [�� LV D WKHRUHP RI /� SURYDEOH ZLWKRXW GRXEOH QHJDWLRQV� E\ IRUPXOD
��� RI /HPPD �� $SSO\LQJ WKH VXEVWLWXWLRQ [ � D� \ � E� ZH KDYH D SURRI RI
L�D� L�E� D�� IURP p ZLWKRXW GRXEOH QHJDWLRQV H[FHSW WKRVH RFFXUULQJ LQ D DQG E�
$SSO\LQJ GHWDFKPHQW� ZH KDYH D SURRI RI L�E� D� IURP p DV GHVLUHG�
7XUQLQJ WR WKH LQGXFWLRQ VWHS� VXSSRVH WKH ODVW VWHS LQ WKH JLYHQ SURRI LQIHUV

T IURP L�S� T� DQG S� %\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH SURRIV RI L�E� S� DQG
L�E� L�S� T�� IURP p� %\ D[LRP /� DQG VXEVWLWXWLRQ ZH KDYH L�L�E� S�� L�L�E� L�S� T�� L�E� T�����
$SSO\LQJ GHWDFKPHQW RQFH� ZH KDYH L�L�S� T�� L�E� T���� $SSO\LQJ GHWDFKPHQW
DJDLQ� ZH KDYH L�E� T� DV GHVLUHG� 1RWH WKDW QR GRXEOH QHJDWLRQV DUH LQWURGXFHG�
7KDW FRPSOHWHV WKH SURRI RI WKH OHPPD�
:H VKDOO FDOO D VHTXHQW b� c ?GRXEOH�QHJDWLRQ�IUHH� LI LW FRQWDLQV QR GRXEOH

QHJDWLRQ� 6LQFH WKH /�WUDQVODWLRQ GRHV QRW LQWURGXFH QHZ GRXEOH QHJDWLRQV� WKLV
LV WKH VDPH DV UHTXLULQJ WKDW WKH /�WUDQVODWLRQ FRQWDLQ QR GRXEOH QHJDWLRQ�

/HPPD �� ,I WKH nQDO VHTXHQW b � d RI D *�SURRI LV GRXEOH�QHJDWLRQ�IUHH�
WKHQ WKH HQWLUH *�SURRI LV GRXEOH�QHJDWLRQ IUHH�

3URRI� %\ WKH VXEIRUPXOD SURSHUW\ RI FXW�IUHH SURRIV� HYHU\ IRUPXOD LQ WKH SURRI
LV D VXEIRUPXOD RI WKH nQDO VHTXHQW�

��



/HPPD �� �L� 6XSSRVH * SURYHV WKH VHTXHQW b � c� ZKHUH c LV QRQHPSW\�
7KHQ / SURYHV p IURP DVVXPSWLRQV o� ,I * SURYHV b � >@� ZKHUH >@ LV WKH
HPSW\ OLVW� WKHQ / SURYHV S IURP DVVXPSWLRQV o� ZKHUH S LV DQ\ YDULDEOH RI /
QRW RFFXUULQJ LQ o�

�LL� ,I DQ\ GRXEOH QHJDWLRQV RFFXU LQ VXEIRUPXODV RI WKH JLYHQ VHTXHQW b� c
�ZKHUH KHUH c FDQ EH HPSW\ RU QRW�� WKHQ D SURRI LQ / DV LQ �L� FDQ EH IRXQG
WKDW FRQWDLQV QR GRXEOH QHJDWLRQV H[FHSW WKRVH DULVLQJ IURP WKH /�WUDQVODWLRQV
RI GRXEOH�QHJDWHG VXEIRUPXODV RI b� c�

�LLL� ,I LQ SDUW �L� WKH /�WUDQVODWLRQ RI WKH JLYHQ VHTXHQW b � c GRHV QRW
FRQWDLQ DQ\ GRXEOH QHJDWLRQV� WKHQ WKH SURRI LQ / WKDW LV DVVHUWHG WR H[LVW FDQ
DOVR EH IRXQG ZLWKRXW GRXEOH QHJDWLRQV�

3URRI�
:H SURFHHG E\ LQGXFWLRQ RQ WKH OHQJWK RI SURRI RI b � $ LQ *� EDVH FDVH�

WKH VHTXHQW KDV WKH IRUP b�$� $� :H PXVW VKRZ WKDW D LV GHULYDEOH LQ / IURP
SUHPLVVHV o� D� ZKLFK LV FOHDU� 1RZ IRU WKH LQGXFWLRQ VWHS� :H FRQVLGHU RQH FDVH
IRU HDFK UXOH RI *�
&DVH �� WKH ODVW LQIHUHQFH LQ WKH *�SURRI LV E\ UXOH ���

c� e�$ %�b� d

$� %�c�b� e�d

%\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ /�SURRI RI �e�$�� IURP p� DQG DQ
/�SURRI RI t IURP E DQG o� :H PXVW JLYH DQ /�SURRI RI �e�d�� IURP L�D� E�� p�
DQG o� :H FRQVLGHU VHYHUDO FDVHV� DFFRUGLQJ DV $ LV RU LV QRW D QHJDWLRQ� e LV RU
LV QRW HPSW\� DQG d LV HPSW\� RU RI OHQJWK �� RU RI OHQJWK � RU PRUH�
)LUVW FRQVLGHU WKH FDVH ��D� WKDW e LV HPSW\� VR �e�$�� LV MXVW D� $SSO\LQJ

GHWDFKPHQW WR L�D� E� �ZKLFK LV �$ � %��� DQG WKH JLYHQ SURRI RI D IURP p�
ZH GHULYH E� &RS\LQJ WKH VWHSV RI WKH SURRI RI t IURP DVVXPSWLRQV E� o �EXW
FKDQJLQJ WKH MXVWLnFDWLRQ RI WKH VWHS�V� E IURP ?DVVXPSWLRQ� WR WKH OLQH QXPEHU
ZKHUH E KDV EHHQ GHULYHG� ZH KDYH GHULYHG t IURP DVVXPSWLRQV �$ � %���p� o�
FRPSOHWLQJ WKH SURRI RI FDVH � ZKHQ e LV HPSW\�
+HQFHIRUWK ZH PD\ DVVXPH WKDW e LV QRW HPSW\� :H QRZ FODLP WKDW / SURYHV

�L�Q�E�� w� IURP DVVXPSWLRQV L�D� E� DQG p� :H FDOO WKLV ?&ODLP 4�� :H DUJXH
IRU &ODLP 4 E\ FDVHV� DFFRUGLQJ DV $ LV D QHJDWLRQ RU QRW� )LUVW� ZH DVVXPH $
LV QRW D QHJDWLRQ� 7KHQ ZH DUH JLYHQ E\ WKH LQGXFWLRQ K\SRWKHVLV DQ /�SURRI RI
L�Q�D�� w� IURP DVVXPSWLRQV p� %\ ���� RI /HPPD ��

L�L�D� E�� L�L�Q�D�� w�� L�Q�E�� w���

LV D WKHRUHP RI /� $SSO\LQJ GHWDFKPHQW WZLFH� ZH VHH WKDW / SURYHV L�Q�E�� w�
IURP DVVXPSWLRQV L�D� E� DQG p� 7KLV LV FODLP 4�
1RZ ZH DUJXH IRU &ODLP 4 LQ FDVH $ LV D QHJDWLRQ� VD\ $  �(� DQG e LV

QRW HPSW\� $V XVXDO ZH GHQRWH (� E\ H� VR �e�$�� LV L�H� w�� 7KHQ ZH DUH JLYHQ
E\ WKH LQGXFWLRQ K\SRWKHVLV DQ /�SURRI RI L�H� w� IURP DVVXPSWLRQV p� %\ ����

��



RI /HPPD � �WDNLQJ [  H� \  E� DQG ]  w��

L�L�Q�H�� E�� L�L�H�w�� L�Q�E�� w���

LV D WKHRUHP RI /� $SSO\LQJ GHWDFKPHQW WZLFH� ZH VHH WKDW / SURYHV L�Q�E�� w�
IURP DVVXPSWLRQV L�D� E� DQG p� 7KLV HVWDEOLVKHV &ODLP 4 IRU WKH FDVH $ LV D
QHJDWLRQ� 6LQFH WKDW ZDV WKH VHFRQG FDVH� &ODLP 4 LV QRZ HVWDEOLVKHG�
,Q DGGLWLRQ WR WKH SURRI RI L�Q�E�� w� IURP DVVXPSWLRQV L�D� E� DQG p� ZH DOVR

KDYH �E\ WKH LQGXFWLRQ K\SRWKHVLV� DQ /�SURRI RI t IURP DVVXPSWLRQV E� o� $W
WKLV SRLQW WKH DUJXPHQW GLYLGHV LQWR FDVH ��E�� ZKHQ d LV WKH HPSW\ OLVW� DQG
FDVH ��F�� ZKHQ d LV QRW HPSW\�
&DVH ��E�� d LV WKH HPSW\ OLVW� 7KHQ t LV D QHZ YDULDEOH QRW RFFXUULQJ

HOVHZKHUH LQ WKH SURRI� DQG ZH UHTXLUH D SURRI RI w IURP DVVXPSWLRQV L�D� E�� p� o�
6XEVWLWXWLQJ Q�E� IRU WKH YDULDEOH t ZH KDYH DQ /�SURRI RI Q�E� IURP DVVXPSWLRQV
E� o� $SSO\LQJ GHWDFKPHQW WR WKLV DQG L�Q�E�� w�� ZH KDYH D SURRI RI w IURP
DVVXPSWLRQV L�D� E�� p� o DV UHTXLUHG� 7KLV FRPSOHWHV WKH SURRI RI FDVH ��E��
&DVH ��F�� d LV QRW HPSW\� :H UHTXLUH D SURRI RI �e�d�� IURP DVVXPSWLRQV

L�D� E�� o� p� $SSO\LQJ WKH GHGXFWLRQ WKHRUHP WR WKH /�SURRI RI t IURP E� o� ZH
KDYH DQ /�SURRI RI L�E� t� IURP o� 6R IURP WKH GHVLUHG DVVXPSWLRQV ZH FDQ SURYH
L�E� t� DQG L�Q�E�� w�� DQG ZH UHTXLUH D SURRI RI �e�d��� %\ /HPPD ��� �e�d��

LV HTXLYDOHQW LQ / WR L�aQ�t�� w�� MXVW DV LW ZRXOG EH LI d ZHUH D OLVW RI OHQJWK RQH�
2XU VLWXDWLRQ LV WKLV� ZH KDYH L�E� t� DQG L�Q�E�� w�� DQG ZH UHTXLUH L�aQ�t�� w��
,I t LV QRW D QHJDWLRQ� ZH FDQ UHSODFH aQ�t� E\ Q�t�� $SSO\LQJ ���� IURP /HPPD
�� ZLWK [  E� \  t� DQG ]  w� ZH KDYH

L�L�E� t�� L�L�Q�E�� w�� L�Q�t�� w����

$SSO\LQJ GHWDFKPHQW WZLFH ZH KDYH L�Q�t�� w� DV GHVLUHG� ,I� RQ WKH RWKHU KDQG�
t  Q�m�� WKHQ RXU VLWXDWLRQ LV WKLV� ZH KDYH L�E� Q�m�� DQG L�Q�E�� w�� DQG ZH
UHTXLUH L�m� w�� 7DNLQJ [  E� \  m� DQG ]  w LQ IRUPXOD ���� RI /HPPD ��
ZH KDYH

L�L�E� Q�m��� L�L�Q�E�� w�� L�m� w����

$SSO\LQJ GHWDFKPHQW WZLFH ZH KDYH L�m�w� DV UHTXLUHG� 7KLV FRPSOHWHV WKH
SURRI RI FDVH ��F�� DQG KHQFH RI FDVH ��
&DVH �� WKH ODVW LQIHUHQFH LQ WKH *�SURRI LV E\ UXOH ���

$�b� d� %

b� d�$� %

&DVH �D� d LV WKH HPSW\ OLVW� %\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ /�
SURRI RI E IURP o DQG D� $SSO\LQJ WKH GHGXFWLRQ WKHRUHP IRU /� ZH KDYH D SURRI
LQ / RI L�D� E� IURP o� %XW �$� %��  L�D� E�� FRPSOHWLQJ WKLV FDVH� 1RWH WKDW
GRXEOH QHJDWLRQV DUH QRW LQWURGXFHG E\ WKH GHGXFWLRQ WKHRUHP LI WKH\ DUH QRW
DOUHDG\ SUHVHQW�
&DVH �E� d LV QRW HPSW\� %\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ /�SURRI

RI L�aQ�E�� t� IURP DVVXPSWLRQV o DQG D� %\ WKH GHGXFWLRQ WKHRUHP IRU /� ZH

��



KDYH D SURRI RI L�D� L�aQ�E�� t�� IURP o� :H UHTXLUH D SURRI RI L�Q�L�D� E��� t� IURP
o� 7KHUH DUH WZR FDVHV� DFFRUGLQJ DV % LV D QHJDWLRQ RU QRW� )LUVW� LI % LV
QRW D QHJDWLRQ� WKHQ ZH KDYH D SURRI RI L�D� L�Q�E�� t�� DQG UHTXLUH D SURRI RI
L�Q�L�D� E��� t�� 7DNLQJ [  D� \  E� DQG ]  t LQ IRUPXOD ���� RI /HPPD �� ZH
KDYH

L�L�D� L�Q�E�� t��� L�Q�L�D� E��� t���

$SSO\LQJ GHWDFKPHQW� ZH REWDLQ WKH GHVLUHG SURRI RI L�Q�L�D� E��� t� LQ /�
6HFRQG� LI% LV D QHJDWLRQ� VD\%  �&� WKHQ E LV Q�F� DQG aQ�E� LV F� VR ZH KDYH

DQ /�SURRI RI L�D� L�F� t�� IURP o� DQG ZH UHTXLUH D SURRI RI L�Q�L�D�Q�F���� t��
%\ IRUPXOD ���� RI /HPPD �� ZH KDYH L�L�[� L�\� ]��� L�Q�L�[� Q�\��� ]��� $SSO\
WKH VXEVWLWXWLRQ [ � D� \ � F� ] � t� DQG WKHQ DSSO\ GHWDFKPHQW� 7KLV \LHOGV
WKH UHTXLUHG SURRI RI L�Q�L�D� Q�F���� t� 7KDW FRPSOHWHV WKH SURRI RI &DVH �E DQG
WKH SURRI RI &DVH ��
&DVH �� WKH ODVW LQIHUHQFH LQ WKH *�SURRI LQWURGXFHV QHJDWLRQ RQ WKH ULJKW�

$�b� d

b� d��$

&DVH �D� d LV WKH HPSW\ OLVW� 7KHQ E\ WKH LQGXFWLRQ K\SRWKHVLV� WKHUH LV
DQ /�SURRI RI S IURP D DQG o� ZKHUH 3 LV D QHZ YDULDEOH �QRW RFFXUULQJ LQ b
RU $�� %\ WKH GHGXFWLRQ WKHRUHP IRU /� WKHUH LV D SURRI RI L�D� S� IURP o� 6R
LW VXpFHV WR VKRZ WKDW Q�D� LV GHULYDEOH LQ / IURP L�D� S�� 7KLV IROORZV IURP
L�L�[� Q�[��� Q�[�� E\ GHWDFKPHQW� :H KDYH VKRZQ LQ /HPPD ���� IRUPXOD ����
WKDW WKLV IRUPXOD LV SURYDEOH LQ / ZLWKRXW XVLQJ GRXEOH QHJDWLRQ�
&DVH �E� d LV QRW HPSW\� 7KHQ �d��$�� LV L�D� t�� %\ LQGXFWLRQ K\SRWKHVLV

WKHUH LV DQ /�SURRI RI t IURP D DQG o� %\ WKH GHGXFWLRQ WKHRUHP IRU /� WKHUH
LV D SURRI RI L�D� t� IURP o� 7KLV FRPSOHWHV WKH SURRI RI &DVH �E� DQG KHQFH RI
&DVH ��
&DVH �� WKH ODVW LQIHUHQFH LQ WKH *�SURRI LQWURGXFHV QHJDWLRQ RQ WKH OHIW�

b� d� $

�$�b� d

&DVH �D� d LV WKH HPSW\ OLVW� %\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ /�
SURRI RI D IURP o� :H PXVW VKRZ WKDW IURP Q�D� DQG o� ZH FDQ GHGXFH E LQ
/� ZKHUH E LV D QHZ YDULDEOH� :H KDYH L�D� L�Q�D�� E� E\ D[LRP /�� $SSO\LQJ
GHWDFKPHQW WZLFH� ZH KDYH WKH GHVLUHG SURRI RI E� FRPSOHWLQJ FDVH �D�
&DVH �E� d LV QRW HPSW\� ,Q SURYLQJ SDUW �LLL� RI WKH OHPPD� ZH DUH DVVXPLQJ

WKDW �$ FRQWDLQV QR GRXEOH QHJDWLRQ� WKHUHIRUH� $ LV QRW D QHJDWLRQ� VR �d� $��

LV L�Q�D�� t�� %\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ /�SURRI RI L�Q�D�� t� IURP
o� :H PXVW VKRZ WKDW IURP Q�D� DQG o ZH FDQ GHULYH t� %XW WKLV IROORZV
LPPHGLDWHO\ E\ GHWDFKPHQW� 7KLV FRPSOHWHV WKH SURRI DV IDU DV SDUW �LLL� RI WKH
OHPPD JRHV�
,Q SURYLQJ SDUWV �L� DQG �LL� RI WKH OHPPD� ZH FDQ QR ORQJHU EH FHUWDLQ WKDW $

LV QRW D QHJDWLRQ� VR ZH PXVW WUHDW WKH FDVH ZKHQ $ LV �(� 7KHQ �d� $�� LV L�H� t��
DQG E\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ /�SURRI RI L�H� t� IURP o� :H PXVW

��



VKRZ WKDW IURP Q�D� �WKDW LV� Q�Q�H��� DQG o ZH FDQ GHULYH t� ,W LV SHUPLVVLEOH
WR XVH WKH GRXEOH QHJDWLRQ Q�Q�H�� VLQFH WKLV GRXEOH QHJDWLRQ DULVHV IURP WKH
GRXEOH QHJDWHG IRUPXOD ��(� WKDW LV �$� ZKLFK RFFXUV LQ WKH FRQFOXVLRQ RI WKLV
LQIHUHQFH� ZKLFK LV WKH nQDO VHTXHQW RI WKH SURRI� :H KDYH L�Q�Q�H��� H� SURYDEOH
LQ / ZLWKRXW XVLQJ DQ\ GRXEOH QHJDWLRQ RWKHU WKDQ Q�Q�H��� DV VKRZQ LQ /HPPD
�� %\ GHWDFKPHQW ZH KDYH D SURRI RI H IURP Q�Q�H��� $SSO\LQJ GHWDFKPHQW�
XVLQJ WKH JLYHQ SURRI RI L�H� t� IURP o� ZH REWDLQ WKH UHTXLUHG SURRI RI t IURP
Q�Q�H�� DQG o� 7KLV FRPSOHWHV FDVH �E� DQG KHQFH DOVR FDVH ��
&DVH �� WKH ODVW LQIHUHQFH LV E\ FRQWUDFWLRQ LQ WKH DQWHFHGHQW�

&�&�b� d

&�b� d

%\ WKH LQGXFWLRQ K\SRWKHVLV ZH KDYH D SURRI RI t IURP DVVXPSWLRQV F� F�
ZKLFK DOVR TXDOLnHV DV D SURRI IURP DVVXPSWLRQV F� VR WKHUH LV QRWKLQJ PRUH WR
SURYH�
&DVH �� WKH ODVW LQIHUHQFH LV E\ FRQWUDFWLRQ LQ WKH VXFFHGHQW �WKH VXFFHGHQW

LV WKH SDUW RI D VHTXHQW WR WKH ULJKW RI WKH � VLJQ��

b� d�&� &

b� d�&

&DVH �D� d LV WKH HPSW\ OLVW� %\ WKH LQGXFWLRQ K\SRWKHVLV ZH KDYH D SURRI
LQ / IURP DVVXPSWLRQV o RI L�aQ�F�� F�� :H QHHG D SURRI RI F IURP o� ,I & LV
QRW D QHJDWLRQ� ZH KDYH D SURRI IURP o RI L�Q�F�� F�� %\ D[LRP /� ZH KDYH
L�L�Q�F�� F�� F�� $SSO\LQJ GHWDFKPHQW ZH JHW D SURRI RI F DV GHVLUHG� ,I & LV D
QHJDWLRQ� VD\ �(� WKHQ F LV Q�H�� DQG ZH KDYH D SURRI IURP o RI L�H� F�� WKDW LV
WR VD\ L�H�Q�H��� DQG ZH QHHG D SURRI RI Q�H� IURP o� %XW L�L�H� Q�H��� Q�H�� LV
IRUPXOD ��� RI /HPPD �� VR DSSO\LQJ GHWDFKPHQW ZH REWDLQ WKH UHTXLUHG SURRI�
7KLV FRPSOHWHV FDVH �D�
&DVH �E� d LV QRW HPSW\� :H KDYH E\ WKH LQGXFWLRQ K\SRWKHVLV D SURRI LQ

/ IURP o RI L�aQ�F�� L�aQ�F�� t��� :H QHHG D SURRI RI L�aQ�F�� t�� %\ IRUPXOD ��� RI
/HPPD �� ZH KDYH

L�L�[� L�[� \��� L�[� \���

7DNLQJ [  aQ�F� DQG \  t� DQG DSSO\LQJ GHWDFKPHQW� ZH JHW WKH GHVLUHG UHVXOW�
7KLV FRPSOHWHV FDVH �E� DQG KHQFH FDVH ��
&DVH �� WKH ODVW LQIHUHQFH LV E\ WKLQQLQJ LQ WKH VXFFHGHQW�

b� d
b� d�&

&DVH �D� d LV WKH HPSW\ OLVW� 7KHQ E\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH D
SURRI RI S IURP o� ZKHUH S LV D QHZ YDULDEOH� 6XEVWLWXWLQJ F IRU S LQ WKLV SURRI
ZH REWDLQ WKH GHVLUHG SURRI RI F IURP o� 7KLV FRPSOHWHV FDVH �D�
&DVH �E� d LV QRW HPSW\� 7KHQ E\ WKH LQGXFWLRQ K\SRWKHVLV ZH KDYH D SURRI

LQ / RI t IURP DVVXPSWLRQV o� DQG ZH QHHG D SURRI RI L�aQ�F�� t� IURP o� %XW
L�[� �L�\�[�� LV D WKHRUHP RI /� SURYDEOH ZLWKRXW GRXEOH QHJDWLRQV E\ /HPPD

��



�� IRUPXOD ���� $SSO\LQJ GHWDFKPHQW� ZLWK [  t DQG \  aQ�F�� ZH REWDLQ WKH
GHVLUHG SURRI� 7KLV FRPSOHWHV FDVH �E� DQG KHQFH FDVH ��
&DVH �� WKH ODVW LQIHUHQFH LV E\ WKLQQLQJ LQ WKH DQWHFHGHQW�

b� d
&�b� d

%\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH D SURRI LQ / RI t IURP DVVXPSWLRQV b��
7KDW FRXQWV DV D SURRI IURP DVVXPSWLRQV &�b� DV ZHOO� 7KDW FRPSOHWHV FDVH ��
&DVH �� WKH ODVW LQIHUHQFH LV E\ LQWHUFKDQJH LQ WKH VXFFXGHQW�

b� e� &�'�d

b� e�'�&�d

&DVH �D� d DQG e DUH ERWK HPSW\� 7KHQ E\ WKH LQGXFWLRQ K\SRWKHVLV ZH KDYH
D SURRI RI L�aQ�F�� G� DQG ZH QHHG D SURRI RI L�aQ�G�� F�� 7KHUH DUH IRXU VXEFDVHV
DFFRUGLQJ DV F DQG G DUH QHJDWLRQV RU QRW� ,I QHLWKHU LV D QHJDWLRQ� ZH XVH WKH
WKHRUHP L�L�Q�\�� [�� L�Q�[�� \��� ZKLFK LV IRUPXOD ��� RI /HPPD �� ZLWK \  G

DQG [  F� IROORZHG E\ DQ DSSOLFDWLRQ RI GHWDFKPHQW� ,I F  Q�H� DQG G  Q�X��
WKHQ ZH KDYH D SURRI RI L�H�Q�X��� DQG ZH QHHG D SURRI RI L�X�Q�H��� %\ IRUPXOD
��� RI /HPPD �� ZH KDYH L�L�[� Q�\��� L�\�Q�[���� $SSO\LQJ WKLV ZLWK [  H

DQG \  X� DQG XVLQJ GHWDFKPHQW� ZH KDYH WKH UHTXLUHG SURRI� 1RZ VXSSRVH
F  Q�H� EXW G LV QRW D QHJDWLRQ� 7KHQ ZH KDYH D SURRI RI L�H� G�� DQG ZH
QHHG D SURRI RI L�Q�G�� Q�H��� )RUPXOD ��� RI /HPPD � LV L�L�[� \�� L�Q�\�� Q�[����
$SSO\LQJ WKLV ZLWK [  H DQG \  G� DQG XVLQJ GHWDFKPHQW� ZH KDYH WKH
UHTXLUHG SURRI RI L�Q�G�� Q�H��� )LQDOO\� LI G  Q�X� EXW F LV QRW D QHJDWLRQ� ZH
KDYH D SURRI RI L�Q�F�� Q�X�� DQG QHHG D SURRI RI L�X� F�� )RUPXOD ��� RI /HPPD
� LV L�L�Q�[�� Q�\��� L�\� [��� $SSO\LQJ WKLV ZLWK [  F DQG \  X� DQG XVLQJ
GHWDFKPHQW� ZH KDYH WKH UHTXLUHG SURRI� 7KLV FRPSOHWHV &DVH �D�
&DVH �E� d LV HPSW\ DQG e LV QRW HPSW\� %\ WKH LQGXFWLRQ K\SRWKHVLV�

ZH KDYH D SURRI RI L�aQ�F�� L�aQ�G�� w��� DQG ZH QHHG D SURRI RI L�aQ�G�� L�aQ�F�� w���
)RU WKLV ZH XVH WKH IROORZLQJ WKHRUHP RI /� VKRZQ LQ /HPPD � WR EH SURYDEOH
ZLWKRXW GRXEOH QHJDWLRQ�

L�L�[� L�\� ]��� L�\� L�[� ]����

7DNH [  aQ�F�� \  aQ�G�� DQG ]  w� $SSO\LQJ GHWDFKPHQW DQG WKH JLYHQ SURRI�
ZH REWDLQ WKH GHVLUHG SURRI�
&DVH �F� d LV QRW HPSW\ EXW e LV HPSW\� %\ /HPPD ��� �&�'�d�� LV HTXLYD�

OHQW LQ / WR L�aQ�t�� �&�'��� ZKLFK LV L�aQ�t�� L�aQ�F�� G��� %\ WKH LQGXFWLRQ K\SRWKH�
VLV� ZH KDYH D SURRI RI WKLV LQ / IURP o� 6LPLODUO\� �'�&�d�� LV L�aQ�t�� L�aQ�G�� F���
:KDW ZH QHHG WKHQ LV

L�L�[� L�aQ�\�� ]��� L�[� L�aQ�]�� \���� ����

%HFDXVH RI WKH XVH RI aQ� WKLV LV UHDOO\ IRXU WKHRUHPV� DFFRUGLQJ DV \ DQG ] DUH
ERWK QHJDWLRQV� QHLWKHU RQH LV D QHJDWLRQ� RU RQH LV D QHJDWLRQ DQG WKH RWKHU LV

��



QRW� 7KRVH IRXU WKHRUHPV DUH IRUPXODV ���� WKURXJK ���� RI /HPPD �� VR ZH GR
KDYH ���� LQ / �DQG ZLWKRXW WKH XVH RI GRXEOH QHJDWLRQV�� $SSO\LQJ ���� ZLWK
[  o� \  F� DQG ]  G� DQG WKHQ XVLQJ GHWDFKPHQW� ZH REWDLQ WKH UHTXLUHG
SURRI RI L�aQ�t� L�aQ�G�� F��� 7KLV FRPSOHWHV FDVH �F�
&DVH �G� ERWK d DQG e DUH QRQHPSW\� %\ /HPPD ��� �e�&�'�d�� LV HTXLY�

DOHQW LQ / WR L�aQ�t�� �e�&�'��� ZKLFK LV L�aQ�t�� L�aQ�F�� L�aQ�G�� w���� 6LPLODUO\�
�e�'�&�d LV L�aQ�t�� L�aQ�G�� L�aQ�F�� w���� %\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH
D SURRI IURP o RI WKH IRUPHU� DQG ZH QHHG D SURRI IURP o RI WKH ODWWHU� %\
IRUPXOD ���� RI /HPPD �� ZH KDYH

L�L�[� L�\� L�]� Z���� L�[� L�]� L�\� Z����

$SSO\LQJ WKLV ZLWK [  aQ�t�� \  aQ�F�� ]  aQ�G�� DQG Z  w� DQG WKHQ DSSO\LQJ
GHWDFKPHQW� ZH REWDLQ WKH UHTXLUHG SURRI� 7KLV FRPSOHWHV FDVH �G� DQG KHQFH
&DVH ��
&DVH ��� WKH ODVW LQIHUHQFH LV E\ LQWHUFKDQJH LQ WKH DQWHFHGHQW� 7KLV MXVW

PHDQV WKH RUGHU RI IRUPXODV LQ WKH DVVXPSWLRQ OLVW KDV FKDQJHG� VR WKHUH LV
QRWKLQJ WR SURYH�
7KLV FRPSOHWHV WKH SURRI RI SDUW�L� RI WKH OHPPD� 5HJDUGLQJ SDUWV �LL� DQG

�LLL�� E\ WKH SUHFHGLQJ OHPPD� DQ\ GRXEOH QHJDWLRQV RFFXUULQJ DQ\ZKHUH LQ
WKH *�SURRI PXVW RFFXU LQ WKH nQDO VHTXHQW� 1R QHZ GRXEOH QHJDWLRQV DUH
LQWURGXFHG LQ WKH WUDQVODWLRQ WR /� DQG DOO WKH WKHRUHPV RI / WKDW ZH XVHG �IURP
/HPPD �� KDYH EHHQ JLYHQ GRXEOH�QHJDWLRQ�IUHH SURRIV LQ /� IRXQG E\ 2WWHU�
2QO\ LQ FDVH �E ZDV WKHUH DQ\ XVH RI WKH H[WUD K\SRWKHVLV RI SDUW �L�� WKDW WKH
FRQFOXVLRQ FRQWDLQV QR GRXEOH QHJDWLRQV� DQG DQ H[WUD DUJXPHQW ZDV JLYHQ LQ
FDVH �E IRU SDUWV �LL� DQG �LLL�� $OWKRXJK ZH PD\ QRW KDYH SRLQWHG LW RXW LQ
HDFK RWKHU FDVH DQG VXE�FDVH� WKH DUJXPHQW JLYHQ HDUOLHU SURGXFHV DQ /�SURRI LQ
ZKLFK DQ\ GRXEOH QHJDWLRQV DULVH IURP WKH WUDQVODWLRQV LQWR / RI GRXEO\�QHJDWHG
VXEIRUPXODV RI WKH nQDO VHTXHQW� ,Q SDUWLFXODU� LI WKH nQDO VHTXHQW FRQWDLQV QR
GRXEOH QHJDWLRQV� WKHQ WKH /�SURRI SURGXFHG DOVR FRQWDLQV QR GRXEOH QHJDWLRQV�

7KHRUHP � 6XSSRVH / SURYHV $ IURP DVVXPSWLRQV c DQG QHLWKHU c QRU $

FRQWDLQV GRXEOH QHJDWLRQ� 7KHQ WKHUH LV D SURRI LQ / RI $ IURP c WKDW GRHV QRW
FRQWDLQ GRXEOH QHJDWLRQ�

0RUH JHQHUDOO\� LI c DQG $ DUH DOORZHG WR FRQWDLQ GRXEOH QHJDWLRQ� WKHQ
WKHUH LV D SURRI LQ / RI $ IURP c WKDW FRQWDLQV QR QHZ GRXEOH QHJDWLRQV� 7KDW
LV� DOO GRXEO\�QHJDWHG IRUPXODV RFFXUULQJ LQ WKH SURRI DUH VXEIRUPXODV RI c RU
RI $�

5HPDUN� 7KH WKHRUHP LV DOVR WUXH ZLWK ?WULSOH QHJDWLRQ� RU ?TXDGUXSOH QHJD�
WLRQ�� HWF�� LQ SODFH RI GRXEOH QHJDWLRQ� )RU LQVWDQFH� LI $ FRQWDLQV D WULSOH QHJD�
WLRQ� WKHQ LW KDV D SURRI FRQWDLQLQJ QR GRXEOH QHJDWLRQV QRW DOUHDG\ FRQWDLQHG
LQ $� ,Q SDUWLFXODU LW WKHQ FRQWDLQV QR WULSOH QHJDWLRQV QRW DOUHDG\ FRQWDLQHG LQ
$� VLQFH HYHU\ WULSOH QHJDWLRQ LV D GRXEOH QHJDWLRQ�

��



3URRI� /HW $� EH WKH WUDQVODWLRQ RI $ LQWR * GHnQHG HDUOLHU� 'RXEOH QHJDWLRQV
LQ $� DULVH RQO\ IURP GRXEOH QHJDWLRQV LQ $� 6LQFH / LV VRXQG� $� LV D ORJLFDO
FRQVHTXHQFH RI c�� +HQFH� E\ FRPSOHWHQHVV DQG *HQW]HQ
V FXW�HOLPLQDWLRQ WKH�
RUHP� WKHUH LV D SURRI LQ * RI c�

� $�� %\ WKH SUHYLRXV OHPPD� WKHUH LV D
SURRI LQ / RI $��

IURP DVVXPSWLRQV c��

WKDW FRQWDLQV QR QHZ GRXEOH QHJDWLRQV�
%XW E\ /HPPD �� $��

 $ DQG c��

 c� 7KLV FRPSOHWHV WKH SURRI�

7KHRUHP � 6XSSRVH $ LV SURYDEOH IURP /��/� XVLQJ FRQGHQVHG GHWDFKPHQW DV
WKH RQO\ UXOH RI LQIHUHQFH� 7KHQ $ KDV D SURRI IURP /��/� XVLQJ FRQGHQVHG
GHWDFKPHQW LQ ZKLFK QR GRXEO\ QHJDWHG IRUPXODV RFFXU H[FHSW WKRVH WKDW DOUHDG\
RFFXU DV VXEIRUPXODV RI $�

3URRI � 6XSSRVH $ LV SURYDEOH IURP /��/� XVLQJ FRQGHQVHG GHWDFKPHQW� (DFK
FRQGHQVHG GHWDFKPHQW VWHS FDQ EH FRQYHUWHG WR WKUHH VWHSV XVLQJ VXEVWLWXWLRQ
DQG PRGXV SRQHQV� VR $ LV SURYDEOH LQ /� %\ WKH SUHFHGLQJ WKHRUHP� $ KDV D
SURRI LQ / LQ ZKLFK QR GRXEO\ QHJDWHG IRUPXODV RFFXU H[FHSW WKRVH WKDW DOUHDG\
RFFXU LQ $� %\ 7KHRUHP �� $ WKHQ KDV D FRQGHQVHG GHWDFKPHQW SURRI LQ ZKLFK
QR DGGLWLRQDO GRXEOH QHJDWLRQV RFFXU� 7KLV FRPSOHWHV WKH SURRI�

&RUROODU\ � /HW 7 EH DQ\ VHW RI D[LRPV IRU �WZR�YDOXHG� SURSRVLWLRQDO ORJLF�
6XSSRVH WKDW WKHUH H[LVW FRQGHQVHG�GHWDFKPHQW SURRIV RI /��/� IURP 7 LQ ZKLFK
QR GRXEOH QHJDWLRQV RFFXU �H[FHSW WKRVH WKDW RFFXU LQ 7 � LI DQ\�� 7KHQ WKH
SUHFHGLQJ WKHRUHP LV WUXH ZLWK 7 LQ SODFH RI /��/��

3URRI � /HW $ EH SURYDEOH IURP 7 � 7KHQ $ LV D WDXWRORJ\� DQG KHQFH SURYDEOH
IURP /��/�� %\ WKH WKHRUHP� WKHUH LV D SURRI RI $ IURP /��/� WKDW FRQWDLQV
QR GRXEOH QHJDWLRQV �H[FHSW WKRVH RFFXUULQJ LQ $� LI DQ\�� 6XSSO\LQJ WKH JLYHQ
SURRIV RI /��/� IURP 7 � ZH FRQVWUXFW D SURRI RI $ IURP 7 ZKLFK FRQWDLQV QR
GRXEOH QHJDWLRQV H[FHSW WKRVH RFFXUULQJ LQ 7 RU LQ $ �LI DQ\�� 7KDW FRPSOHWHV
WKH SURRI�

([DPSOH� :H FDQ WDNH 7 WR FRQWDLQ H[DFWO\ RQH IRUPXOD� WKH VLQJOH D[LRP
0 RI 0HUHGLWK� 0 LV GRXEOH�QHJDWLRQ IUHH� DQG GRXEOH�QHJDWLRQ�IUHH SURRIV RI
/��/� IURP 0 KDYH EHHQ IRXQG XVLQJ 2WWHU� RQH RI ZKLFK FDQ EH IRXQG LQ >�@�
7KHUHIRUH� WKH WKHRUHP LV WUXH IRU VLQJOH D[LRP 0 �

$SSHQGL[

+HUH DUH WKH SURRIV RI WKH IRUPXODV LQ /HPPD � IRXQG ZLWK WKH DLG RI 2WWHU� ,Q
WKH nUVW FROXPQ DUH DUELWUDU\ OLQH QXPEHUV� LQ WKH VHFRQG FROXPQ DUH WKH OLQH
QXPEHUV RI WKH PDMRU DQG PLQRU SUHPLVHV XVHG WR GHULYH WKH OLQH E\ FRQGHQVHG
GHWDFKPHQW �RU /�� /�� RU /� LQVWHDG RI D OLQH QXPEHU�� 7KHVH SURRIV DUH
SUHVHQWHG H[DFWO\ DV IRXQG E\ 2WWHU^WKDW LV� QR HmRUW LV PDGH KHUH WR XVH WKH
UHVXOWV RI HDUOLHU SURRIV LQ WKH ODWHU SURRIV� HDFK SURRI EHJLQV DJDLQ IURP WKH
D[LRPV DORQH�
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