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0LFKDHO %HHVRQ
�

'HSDUWPHQW RI 0DWKHPDWLFV DQG &RPSXWHU 6FLHQFH

6DQ -RVH 6WDWH 8QLYHUVLW\

$EVWUDFW

$V SDUW RI D SURMHFW RQ DXWRPDWLF JHQHUDWLRQ RI SURRIV LQYROYLQJ ERWK ORJLF DQG
FRPSXWDWLRQ� ZH KDYH DXWRPDWLFDOO\ JHQHUDWHG D SURRI RI WKH LUUDWLRQDOLW\ RI H� 7KH
SURRI LQYROYHV LQHTXDOLWLHV� ERXQGV RQ LQnQLWH VHULHV� W\SH GLVWLQFWLRQV �EHWZHHQ UHDO

QXPEHUV DQG QDWXUDO QXPEHUV�� D VXESURRI E\ PDWKHPDWLFDO LQGXFWLRQ� DQG VLJQLI�
LFDQW PDWKHPDWLFDO VWHSV� LQFOXGLQJ FRUUHFW VLPSOLnFDWLRQ RI H[SUHVVLRQV LQYROYLQJ

IDFWRULDOV DQG VXPPLQJ DQ LQnQLWH JHRPHWULFDO VHULHV� 0HWDYDULDEOHV DUH LQVWDQWLDWHG
E\ LQIHUHQFH UXOHV HPERG\LQJ PDWKHPDWLFDO NQRZOHGJH� UDWKHU WKDQ RQO\ E\ XQLn�

FDWLRQ� 7KH SURRI LV JHQHUDWHG FRPSOHWHO\ DXWRPDWLFDOO\� ZLWKRXW DQ\ LQWHUDFWLYH
FRPSRQHQW�

� ,QWURGXFWLRQ

7KH LUUDWLRQDOLW\ RI H FDQ EH VWDWHG DV T ! � � MS T b HM ! �� ZKHUH S DQG T
DUH YDULDEOHV RYHU QDWXUDO QXPEHUV� 7KLV WKHRUHP ZDV nUVW SURYHG E\ (XOHU
LQ ����� ,W KDV QRZ EHHQ SURYHG E\ D PDFKLQH �RU SHUKDSV , VKRXOG VD\� E\ D
SURJUDP�� 7R SURYH WKLV WKHRUHP DXWRPDWLFDOO\� WKH SURJUDP PXVW VWDUW ZLWK
D VOLJKWO\ GLmHUHQW IRUP RI WKH JRDO� T ! � � �&�MS T b HM w & T� ! ���
:LWKRXW WKH H[LVWHQWLDO YDULDEOH &� WKH SURJUDP FDQ
W JHW VWDUWHG� :LWKRXW
WKH GHQRPLQDWRU T� LW DOVR FDQ
W VXFFHHG� %XW JLYHQ WKLV IRUP RI WKH WKHRUHP�
LW GRHV SURFHHG FRPSOHWHO\ DXWRPDWLFDOO\ WR nQG D SURRI� �7KH GHQRPLQDWRU
T� JLYHV LW WKH ?KLQW� WR PXOWLS\ E\ T��� 7KH SURRI LW nQGV LV VLPLODU WR WKH
XVXDO SURRI �VHH IRU H[DPSOH >��@� &KDSWHU ,� EXW HPSOR\V D VOLJKWO\ GLmHUHQW
HVWLPDWH WR ERXQG D FHUWDLQ LQnQLWH VHULHV� $ FHUWDLQ LQHTXDOLW\ LQYROYLQJ
IDFWRULDOV LV QHHGHG LQ WKH FRXUVH RI WKH SURRI� WKH SURJUDP nQGV D SURRI
RI WKLV LQHTXDOLW\ E\ PDWKHPDWLFDO LQGXFWLRQ� 7KH LQGXFWLYH SURRI UHTXLUHV
VRPH QRW�TXLWH�VWUDLJKWIRUZDUG DOJHEUDLF PDQLSXODWLRQV WR PDNH XVH RI WKH
LQGXFWLRQ K\SRWKHVLV� WKH SURJUDP DOVR nQGV WKHVH VWHSV DXWRPDWLFDOO\� 7KH

� 5HVHDUFK SDUWLDOO\ VXSSRUWHG E\ 16) JUDQW QXPEHU &&5���������

7KLV LV D SUHOLPLQDU\ YHUVLRQ� 7KH nQDO YHUVLRQ ZLOO EH SXEOLVKHG LQ
(OHFWURQLF 1RWHV LQ 7KHRUHWLFDO &RPSXWHU 6FLHQFH

85/� ZZZ�HOVHYLHU�QO�ORFDWH�HQWFV



%HHVRQ

KHDUW RI WKH SURRI LQYROYHV H[SUHVVLQJ D FHUWDLQ TXDQWLW\ �LQ WKLV FDVH H[SUHVVHG
E\ DQ LQnQLWH VHULHV� DV D VXP RI WZR SDUWV� RQH RI ZKLFK LV DQ DQ LQWHJHU DQG
WKH RWKHU RI ZKLFK FDQ EH VKRZQ WR EH EHWZHHQ � DQG �� ,W IROORZV WKDW WKH
TXDQWLW\ LV QRW ]HUR� DQG LQGHHG FDQ EH HVWLPDWHG IURP EHORZ� 7KLV SULQFLSOH
LV D YDULDWLRQ RQ WKH EDVLF SULQFLSOH WKDW DQ LQWHJHU NQRZQ WR EH SRVLWLYH PXVW
EH DW OHDVW ��

7KH LQVWDQWLDWLRQ WKDW WKH SURJUDP nQGV IRU WKH YDULDEOH & LQYROYHV WKH
GHQRPLQDWRU T� $ KXPDQ PDWKHPDWLFLDQ FDQ ?UHnQH WKH HVWLPDWHV� WR nQG D
FRQVWDQW % LQGHSHQGHQW RI S DQG T �%  � � ZLOO GR� VXFK WKDW MS T b HM !
% �T � ���� 7KLV LV EH\RQG WKH SUHVHQW FDSDFLW\ RI WKH SURJUDP� �,W DOVR LV
QRW SUHVHQWHG LQ ERRNV WKDW SUHVHQW WKH SURRI RI LUUDWLRQDOLW\ RI H��

7KLV SDSHU H[SODLQV WKH UXOHV RI LQIHUHQFH XVHG E\ WKH SURYHU� DQG WKHQ
H[SODLQ KRZ WKH SURYHU FRQVWUXFWV WKLV SDUWLFXODU SURRI� $Q DSSHQGL[ FRQWDLQV
WKH DFWXDO SULQWRXW RI WKH SURRI DV SURGXFHG E\ WKH SURJUDP� 7KH UHDGHU
ZLVKLQJ PRUH LQIRUPDWLRQ DERXW WKH SURJUDP FDQ FRQVXOW >�@� ZKHUH WKH nUVW
UHVXOWV ZLWK WKLV WKHRUHP�SURYLQJ SURJUDP DUH GHVFULEHG� 7KRVH UHVXOWV ZHUH
DXWRPDWLFDOO\�JHQHUDWHG HSVLORQ�GHOWD SURRIV RI FRQWLQXLW\ RI VSHFLnF IXQFWLRQV�
,W ZDV EHFDXVH RI WKH DSSOLFDWLRQ WR HSVLORQ�GHOWD SURRIV WKDW WKH SURJUDP ZDV
QDPHG :HLHUVWUDVV� DIWHU WKH SLRQHHU RI WKH HSVLORQ�GHOWD PHWKRG� +RZHYHU�
WKH QDPH VHHPV OHVV DSSURSULDWH QRZ� DV DQ H[SDQGHG YHUVLRQ RI WKH SURYHU
GHPRQVWUDWHV LWV FDSDELOLWLHV LQ QXPEHU WKHRU\ DV ZHOO DV DQDO\VLV�

� &RQWH[W RI WKLV 5HVHDUFK

0DWKHPDWLFV FRQVLVWV RI ORJLF DQG FRPSXWDWLRQ� LQWHUZRYHQ LQ WDSHVWULHV RI
SURRIV� ?/RJLF� LV UHSUHVHQWHG E\ WKH PDQLSXODWLRQ RI SKUDVHV �RU V\PEROV�
VXFK DV IRU DOO [� WKHUH H[LVWV DQ [� LPSOLHV� HWF� ?&RPSXWDWLRQ� UHIHUV WR
FKDLQV RI IRUPXODV SURJUHVVLQJ WRZDUGV DQ ?DQVZHU�� VXFK DV RQH PDNHV ZKHQ
HYDOXDWLQJ DQ LQWHJUDO RU VROYLQJ DQ HTXDWLRQ� 7\SLFDOO\ FRPSXWDWLRQDO VWHSV
PRYH ?IRUZDUGV� �IURP WKH NQRZQ IDFWV IXUWKHU IDFWV DUH GHULYHG� DQG ORJLFDO
VWHSV PRYH ?EDFNZDUGV� �IURP WKH JRDO WRZDUGV WKH K\SRWKHVLV� DV LQ LW ZRXOG

VXpFH WR SURYH� 7KH PL[WXUH RI ORJLF DQG FRPSXWDWLRQ JLYHV PDWKHPDWLFV D
ULFK VWUXFWXUH WKDW KDV QRW \HW EHHQ FDSWXUHG� HLWKHU LQ WKH IRUPDO V\VWHPV
RI ORJLF� RU LQ FRPSXWHU SURJUDPV� 7KH FRPSXWHU SURJUDP WKDW SURGXFHG
WKH SURRI UHSRUWHG RQ KHUH GHPRQVWUDWHV DQ DSSURDFK WR WKLV SUREOHP� 7KH
JHQHUDO IHDWXUHV RI WKLV DSSURDFK KDYH EHHQ GHVFULEHG LQ >�@� 7KH UHVHDUFK
LQYROYHV WZR FRPSXWHU SURJUDPV� 0DWKSHUW DQG :HLHUVWUDVV� 7KH IRUPHU KDV
EHHQ UHSRUWHG RQ HOVHZKHUH LQ GHWDLO >�^�@� LW FRQWDLQV LPSOHPHQWDWLRQV RI
RYHU WZR WKRXVDQG PDWKHPDWLFDO RSHUDWLRQV� WRJHWKHU ZLWK ORJLFDO DSSDUDWXV
WR NHHS WUDFN RI DVVXPSWLRQV WKDW PD\ EH UHTXLUHG RU JHQHUDWHG E\ WKRVH
RSHUDWLRQV� 0DWKSHUW �DV LQ ?0DWK ([SHUW�� XVHV WKHVH RSHUDWLRQV WR SURYLGH
D FRPSXWHUL]HG HQYLURQPHQW IRU OHDUQLQJ DOJHEUD� WULJRQRPHWU\� DQG FDOFXOXV�

7KH VHFRQG SURJUDP�:HLHUVWUDVV� LV EXLOW XSRQ D VLPSOH EDFNZDUGV�*HQW]HQ
WKHRUHP SURYHU� GHVFULEHG LQ >�@ �EXW UH�LPSOHPHQWHG LQ &�� 7R WKLV ORJLFDO
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EDFNERQH KDV EHHQ DGGHG D VHW RI FRQWURO VWUXFWXUHV� RU LI \RX OLNH� LPSOH�
PHQWDWLRQV RI VSHFLDO LQIHUHQFH UXOHV� WR IDFLOLWDWH WKH SURSHU FRQWURO RI ORJLFDO
DQG FRPSXWDWLRQDO VWHSV� 7KHVH FRQWURO VWUXFWXUHV RSHUDWH DW WKH WRS OHYHO
RI :HLHUVWUDVV� EXW WKH FRPSXWDWLRQDO VWHSV WKHPVHOYHV FDQ XVH� LQ SULQFLSOH�
DQ\WKLQJ WKDW KDV EHHQ LPSOHPHQWHG LQ 0DWKSHUW� ZKLFK LV DOO RI KLJK�VFKRRO
DOJHEUD� WULJRQRPHWU\� DQG RQH�YDULDEOH FDOFXOXV LQFOXGLQJ OLPLWV� GLmHUHQWLD�
WLRQ� DQG �WH[WERRN�VW\OH� LQWHJUDWLRQ� DV ZHOO DV D JRRG PDQ\ WHFKQLTXHV IRU
UHZULWLQJ LQHTXDOLWLHV� DQG D IHZ DGYDQFHG DOJRULWKPV� VXFK DV WKH &RVWH�5R\
DOJRULWKP >�@� EDVHG RQ 6WXUP
V WKHRUHP� IRU GHWHUPLQLQJ ZKHWKHU SRO\QRPL�
DOV KDYH URRWV LQ JLYHQ LQWHUYDOV� 7KH LPSOHPHQWDWLRQV RI WKHVH RSHUDWLRQV
LQ 0DWKSHUW DUH ORJLFDOO\ FRUUHFW� VR WKDW WKH\ FDQ EH XVHG LQ :HLHUVWUDVV

ZLWKRXW WKH ULVN RI LQFRQVLVWHQF\ WKDW ZRXOG DFFRPSDQ\ WKH VLPLODU XVH RI
0DWKHPDWLFD� 0DSOH� RU 0DFV\PD� � 6LPSOLnFDWLRQ LQ 0DWKSHUW LQWHUDFWV ZLWK
WKH OLVW RI FXUUHQW DVVXPSWLRQV� DVVXPSWLRQV FDQ EH XVHG LQ VLPSOLnFDWLRQ� DQG
VLPSOLnFDWLRQ FDQ JHQHUDWH QHZ DVVXPSWLRQV� $ PRUH GHWDLOHG GHVFULSWLRQ RI
:HLHUVWUDVV FDQ EH IRXQG LQ >�@�

7KH GULYLQJ LGHD RI WKLV UHVHDUFK SURJUDP LV WKDW nQGLQJ PDWKHPDWLFDO
SURRIV UHTXLUHV H[SHUW NQRZOHGJH RI KXQGUHGV RI VSHFLDO LQIHUHQFH UXOHV� $Q
LQIHUHQFH UXOH W\SLFDOO\ HQFDSVXODWHV NQRZOHGJH RI KRZ WR SURYH WKHRUHPV RI
D FHUWDLQ IRUP RU LQ D FHUWDLQ FRQWH[W� )RU H[DPSOH� LQ >�@ ZH JDYH VSHFLDO
LQIHUHQFH UXOHV WKDW DUH XVHG IRU ERXQGLQJ JLYHQ TXDQWLWLHV LQ WHUPV RI RWKHU
TXDQWLWLHV� 7KHVH UXOHV HQDEOHG :HLHUVWUDVV WR DXWRPDWLFDOO\ JHQHUDWH HSVLORQ�
GHOWD SURRIV RI WKH FRQWLQXLW\ RI FHUWDLQ VSHFLnF IXQFWLRQV� EXW WKH\ DUH QRW
VSHFLDO�SXUSRVH UXOHV^ERXQGLQJ RU ?HVWLPDWLQJ� H[SUHVVLRQV LV D IXQGDPHQWDO
DFWLYLW\ LQ DQDO\VLV� 1RZ� LQ WKLV SDSHU ZH RmHU IXUWKHU HYLGHQFH IRU WKLV YLHZ
RI WKH QDWXUH RI PDWKHPDWLFV� ZH DGG WR :HLHUVWUDVV D IHZ VLPSOH LQIHUHQFH
UXOHV FRQFHUQLQJ HVWLPDWHV IRU LQnQLWH VHULHV� DQG WKH SULQFLSOH WKDW D SRVLWLYH
TXDQWLW\ ZKLFK LV DQ LQWHJHU PXVW EH DW OHDVW RQH� 7KH XQGHUO\LQJ ORJLF DOUHDG\
SRVVHVVHG WKH DELOLW\ WR GLVWLQJXLVK YDULDEOHV RI W\SH LQWHJHU DQG UHDO� :H
DOVR DGG PDWKHPDWLFDO LQGXFWLRQ DQG DQRWKHU QHZ LQIHUHQFH UXOH WR DLG LQ
FRQWUROOLQJ WKH WUDQVLWLYLW\ ODZ IRU LQHTXDOLWLHV� 7KHVH IHZ LQIHUHQFH UXOHV�
WRJHWKHU ZLWK WKH HOHPHQWDU\ PDWKHPDWLFV DYDLODEOH IURP0DWKSHUW� HQDEOH WKH
JHQHUDO ORJLFDO PHFKDQLVP RI :HLHUVWUDVV WR nQG D SURRI RI WKH LUUDWLRQDOLW\
RI H� ZKLFK LV D QRQ�WULYLDO WKHRUHP� XVXDOO\ SUHVHQWHG LQ DQ XSSHU�GLYLVLRQ
QXPEHU WKHRU\ FRXUVH�

7KHUH DUH DW SUHVHQW VRPH nIWHHQ PDWKHPDWLFDO LQIHUHQFH UXOHV LQ :HLHU�

VWUDVV� LQ DGGLWLRQ WR WKH ORJLFDO �*HQW]HQ� UXOHV DQG PDWKHPDWLFDO LQGXFWLRQ�
,W LV QRWHZRUWK\ WKDW DOO PDWKHPDWLFDO NQRZOHGJH QHHGHG IRU WKH SURRI RI WKH
LUUDWLRQDOLW\ RI H LV HPEHGGHG LQ WKHVH UXOHV DQG LQ WKH VLPSOLnFDWLRQ ODZV
LPSOHPHQWHG LQ 0DWKSHUW� 7KDW LV� WKH LQSXW nOH IRU WKLV SURRI FRQWDLQV RQO\
WKH JRDO� QR D[LRPV VSHFLDO WR WKLV SURRI QHHG WR EH SURYLGHG� 7KLV VWUDWHJ\

� 7R DVVHUW WKDW WKH LPSOHPHQWDWLRQV DUH ORJLFDOO\ FRUUHFW LV QRW WR VD\ WKDW WKLV ORJLFDOO\

FRUUHFWQHVV KDV EHHQ SURYHG� :KDW ZH PHDQ LV VLPSO\ WKDW DQ\ IDLOXUH RI ORJLFDO FRUUHFWQHVV

ZRXOG EH D SURJUDPPLQJ HUURU� ZKLFK FRXOG EH n[HG ZLWKRXW DOWHULQJ WKH SURJUDP GHVLJQ�
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RI HPERG\LQJ PDWKHPDWLFDO NQRZOHGJH LQ LQIHUHQFH UXOHV LV WKH NH\ WR RXU
VXFFHVV� WKH LQIHUHQFH UXOHV FDQ XVH PDWKHPDWLFDO NQRZOHGJH WR LQVWDQWLDWH
PHWDYDULDEOHV� UDWKHU WKDQ UHO\LQJ RQ XQLnFDWLRQ� 8QLnFDWLRQ �HYHQ WKH PRUH
VRSKLVWLFDWHG YHUVLRQV RI LW� LV D YHU\ SULPLWLYH ZD\ WR LQVWDQWLDWH D PHWDYDUL�
DEOH� ,W LV KRSHOHVVO\ LQDGHTXDWH IRU GHDOLQJ ZLWK LQHTXDOLWLHV� WU\ SURYLQJ
�[�� � [ � �� E\ D XQLnFDWLRQ�EDVHG DOJRULWKP�

5HODWHG ZRUN LQFOXGHV $QDO\WLFD >�@� ZKLFK LV D WKHRUHP�SURYHU OLQNHG WR
WKH FRPSXWDWLRQDO IDFLOLWLHV RI 0DWKHPDWLFD� EXW GHDOV RQO\ ZLWK TXDQWLnHU�
IUHH SURRIV� 7KLV PHDQV DOVR PHWDYDULDEOH�IUHH SURRIV� HYHQ WKRXJK PRVW RI
WKH ZRUN RQ WKH LUUDWLRQDOLW\ RI H LV TXDQWLnHU�IUHH� WKH XVH RI PHWDYDULDEOHV
DQG FRQWURO PHFKDQLVPV IRU LQVWDQWLDWLQJ WKHP LV FUXFLDO� VR LW ZLOO QRW EH
SRVVLEOH WR UHSURGXFH WKLV ZRUN LQ $QDO\WLFD� 7KH SURYHU 1TWKP >�@ KDV SURYHG
VRPH LPSUHVVLYH WKHRUHPV RI QXPEHU WKHRU\� LQFOXGLQJ WKH ODZ RI TXDGUDWLF
UHFLSURFLW\� EXW OLNH $QDO\WLFD� ZRUNV EHVW ZLWK IUHH�YDULDEOH SURRIV� DQG LQ
SDUWLFXODU� ODFNV WKH UXOHV RI LQIHUHQFH LQWURGXFHG KHUH� VR LW FDQQRW SURYH WKH
LUUDWLRQDOLW\ RI H� �

6RPH ZRUN RQ WKH YHULnFDWLRQ LQ +2/ RI SURRIV LQYROYLQJ FRPSXWDWLRQ LV
SUHVHQWHG LQ >��@� EXW WKLV GRHV QRW LQYROYH SURRI JHQHUDWLRQ� 2WWHU >��@ FDQ
GR VRPH NLQGV RI FRPSXWDWLRQ XVLQJ UHZULWH UXOHV DQG $& XQLnFDWLRQ� EXW
WKHVH DUH QRZKHUH QHDU DGHTXDWH IRU WKH NLQGV RI VLPSOLnFDWLRQ QHHGHG LQ WKLV
SURRI� 7KH VWUHQJWK RI 2WWHU OLHV LQ LWV SURRI�VHDUFK FDSDELOLWLHV� 7KH UXOHV RI
LQIHUHQFH XVHG KHUH DUH VRSKLVWLFDWHG HQRXJK WKDW WKHUH LV DOPRVW QR VHDUFKLQJ
LQYROYHG LQ WKH SURRI� (DFK VWHS LV HLWKHU VLPSOLnFDWLRQ �IRUZDUG UHDVRQLQJ�
RU LV DQ LQIHUHQFH VWHS GLFWDWHG E\ WKH IRUP RI WKH JRDO� ZKLFK WXUQV RXW WR
VXFFHHG�

$ VFKHPH IRU UHJDUGLQJ FRPSXWDWLRQ DV GHnQLQJ DQ HTXLYDOHQFH UHODWLRQ
RQ IRUPXODV DQG GHnQLQJ GHGXFWLRQ RQ WKH HTXLYDOHQFH FODVVHV LV VHW IRUWK LQ
>��@� 7KH SURYHU GLVFXVVHG LQ WKLV SDSHU GRHV QRW nW LQWR WKLV IUDPHZRUN� VLQFH
FRPSXWDWLRQV FDQ ERWK XVH WKH DVVXPSWLRQV DQG JHQHUDWH QHZ RQHV�

� 1DWXUH RI WKH 3URRIV 3URGXFHG E\ :HLHUVWUDVV

7R DYRLG FRQIXVLRQ� VRPH GLVFXVVLRQ RI QDWXUH DQG SXUSRVH RI WKH SURRIV JHQ�
HUDWHG E\ :HLHUVWUDVV LV QHFHVVDU\� :HLHUVWUDVV SURGXFHV �LQWHUQDOO\� D SURRI�
REMHFW� ZKLFK FDQ EH GLVSOD\HG RU VDYHG LQ PRUH WKDQ RQH IRUP� 7KH LQWHQWLRQ
LV WR SURGXFH D SURRI WKDW FDQ EH UHDG DQG FKHFNHG IRU FRUUHFWQHVV E\ D KXPDQ
PDWKHPDWLFLDQ� WKH VWDQGDUG WR EH PHW LV ?SHHU UHYLHZ�� MXVW DV IRU MRXUQDO
SXEOLFDWLRQ� 7KH SURRI REMHFW SURGXFHG GRHV QRW UHSUHVHQW D FRPSOHWHO\ IRUPDO
SURRI LQ D VSHFLnHG IRUPDO V\VWHP RI WKH W\SH WUDGLWLRQDOO\ VWXGLHG E\ ORJL�
FLDQV� ,W IDLOV WR PHHW WKLV VWDQGDUG EHFDXVH VRPH RI WKH VWHSV DUH FDOFXODWLRQV
FDUULHG RXW E\ DOJRULWKPV� IRU H[DPSOH� IDFWRULQJ SRO\QRPLDOV RU ?VLPSOLI\LQJ��

� 3UHVXPDEO\ RQH FRXOG DGG WKHVH UXOHV WR 1TWKP� :H DUH QRW VSHDNLQJ KHUH RI VRPH

OLPLWDWLRQ RQ DOO SRVVLEOH H[WHQVLRQV RI 1TWKP�
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2QH FRXOG� RI FRXUVH� HDVLO\ VSHFLI\ D IRUPDO V\VWHP DOORZLQJ VXFK VWHSV� DQG
WKLV LV LQ HVVHQFH ZKDW WKH FRGH IRU :HLHUVWUDVV GRHV� %XW WKH VWHSV ODEHOHG
?VLPSOLI\� DUH KDUG WR WUDQVODWH LQWR WUDGLWLRQDO ORJLFDO V\VWHPV� EHFDXVH ZKDW
VHHPV WR D KXPDQ PDWKHPDWLFLDQ D YHU\ VLPSOH ?VLPSOLnFDWLRQ� FDQ EH KDUG
WR SURYH LQ D WUDGLWLRQDO ORJLFDO V\VWHP� 7KLV LV SDUW RI WKH UHDVRQ WKDW QR
SUHYLRXV FRPSXWHU SURJUDP KDV SURGXFHG VXFK SURRIV� PRVW VXFK SURJUDPV
LQVLVW RQ SURGXFLQJ IRUPDO SURRIV� ,I D PDFKLQH WR SURGXFH KXPDQO\�UHDGDEOH
SURRIV� VLPSOLnFDWLRQ VWHSV PXVW EH DOORZHG� 7KHQ RQH KDV WKUHH FKRLFHV� ���
6HWWOH IRU FRPSXWHU�JHQHUDWHG SURRIV ZKRVH FRUUHFWQHVV LV MXGJHG E\ KXPDQ
EHLQJV� DV LQ :HLHUVWUDVV� ��� 6XSSO\� RQFH DQG IRU DOO� D IRUPDO SURRI RI WKH
UHVXOW RI HDFK RI WKH ����� RU VR� SRVVLEOH VLPSOLnFDWLRQ VWHSV� H�J� D SURRI WKDW
[
� � �[\ � \

�  �[� \��� DQG LQVWDQWLDWH WKHVH SURRIV IRU HDFK VLPSOLnFDWLRQ
DFWXDOO\ XVHG� 7KLV ZRXOG WXUQ :HLHUVWUDVV
 SURRIV LQWR IRUPDO RQHV� ��� 'H�
PDQG LQ DGGLWLRQ WKDW DOO DOJRULWKPV LQYROYHG KDYH WKHLU FRUUHFWQHVV SURYHG
ZLWKLQ WKH V\VWHP� 7KLV LV D KLJKHU VWDQGDUG� ZKLFK:HLHUVWUDVV FDQQRW PHHW�
DQG ZRXOG QRW EH PHW HYHQ E\ ���� +XPDQ PDWKHPDWLFLDQV GR QRW PHHW
VWDQGDUGV ��� DQG ��� HLWKHU� VR LW VHHPV UHDVRQDEOH WR GHPDQG RI D PDFKLQH
LQWHQGHG DV D SURWRW\SH ?PDWKHPDWLFLDQ
V DVVLVWDQW� WKDW LW VKRXOG PHHW WKH
VWDQGDUGV UHTXLUHG IRU MRXUQDO SXEOLFDWLRQ� LQVWHDG RI D KLJKHU VWDQGDUG�

� ,QIHUHQFH UXOHV XVHG LQ :HLHUVWUDVV

,Q WKLV VHFWLRQ ZH GHVFULEH WKH QHZ UXOHV� DQG VRPH YDULDWLRQV RQ ROG UXOHV�
WKDW KDYH EHHQ DGGHG WR :HLHUVWUDVV VLQFH WKH SXEOLFDWLRQ RI >�@� 7KH GLV�
FXVVLRQ ZLOO PDNH LW DSSDUHQW WKDW WKHVH UXOHV DUH JHQHUDO LQ QDWXUH� UDWKHU
WKDQ DG KRF� DQG WKDW WKH\ HPERG\ PDWKHPDWLFDO LGHDV DQG WHFKQLTXHV WKDW
DUH LQWXLWLYH DQG FDQ EH DSSOLHG WR PDWKHPDWLFDO DUJXPHQWV LQ GLmHUHQW DUHDV�
7KDW LV� WKH\ DUH QRW VSHFLDO WR WKH H[DPSOH RI WKH LUUDWLRQDOLW\ RI H� 2I FRXUVH�
WKHUH DUH SUREDEO\ VHYHUDO KXQGUHG VXFK UXOHV HQFDSVXODWLQJ WKH PDWKHPDWLFDO
NQRZOHGJH RI D EHJLQQLQJ JUDGXDWH VWXGHQW� DQG WKH VHOHFWLRQ RI WKHVH SDUWLF�
XODU UXOHV ZDV PRWLYDWHG E\ WKH H[SHULPHQW RI VHHLQJ ZKDW ZDV UHTXLUHG IRU
WKH LUUDWLRQDOLW\ RI H�

��� 7\SHV

:HLHUVWUDVV DFFHSWV W\SHG YDULDEOHV� DV LQ �[ � 1�[ w ��� ,W DOVR DFFHSWV
W\SH ?MXGJHPHQWV� VXFK DV [ � 1 DV DWRPLF IRUPXODH� 7KH ODWWHU LV QHFHVVDU\
WR VXSSRUW WKH ?YDULDEOH W\SH� RI )HIHUPDQ
V DSSOLFDWLYH WKHRULHV �ZKLFK DUH
QRW XVHG LQ WKH SUHVHQW H[DPSOH�� DQG WKH IRUPHU LV YHU\ XVHIXO IRU HpFLHQW
WKHRUHP�SURYLQJ� 7KH WZR DUH FRQQHFWHG E\ PHDQV RI DQ LQIHUHQFH UXOH WKDW
SHUPLWV WKH LQIHUHQFH RI Q � $ �IURP QR SUHPLVHV� ZKHQ Q LV D YDULDEOH RI W\SH
$� 7\SH LQIRUPDWLRQ IRU WKH DWRPLF W\SHV �LQ WKLV FDVH� MXVW 1� =� DQG 5� LV
LPPHGLDWHO\ DFFHVVLEOH LQ WKH �LPSOHPHQWHG� YDULDEOH LWVHOI� 7\SH LQIRUPDWLRQ
IRU FRPSRXQG W\SHV �VXFK DV 1 � 1 RU WKH W\SHV RI )HIHUPDQ
V WKHRULHV� LV
NHSW LQ D VHSDUDWH WDEOH�

�
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$Q LPSRUWDQW IHDWXUH RI WKLV SURYHU LV WKDW VLPSOLnFDWLRQ LV DSSOLHG WR
SURSRVLWLRQV DV ZHOO DV WR PDWKHPDWLFDO H[SUHVVLRQV� 3URSRVLWLRQV H[SUHVVLQJ
W\SH MXGJHPHQWV DUH QR H[FHSWLRQ� )RU H[DPSOH� WKH W\SH H[SUHVVLRQ T� Q� � =
�ZKLFK H[SUHVVHV WKDW T� Q� LV DQ LQWHJHU� UHGXFHV WR Q � T� $QRWKHU H[DPSOH
RI D W\SH H[SUHVVLRQ WKDW RFFXUV LQ WKH SURRI RI LUUDWLRQDOLW\ RI H LV S�Tb��� � =�
7KLV ZLOO UHGXFH WR WUXH LI S � = DQG �Tb��� � = UHGXFH WR WUXH� 7KH IRUPHU ZLOO
UHGXFH WR WUXH VLQFH S LV D YDULDEOH RI W\SH1� 7KH ODWWHU ZLOO UHGXFH WR WUXH LI
�Tb��� � = GRHV� EXW WKLV UHGXFHV WR � � T� +RZHYHU� VLQFH WKH DVVXPSWLRQV FDQ
DOVR EH XVHG LQ VLPSOLnFDWLRQ� LI � � T LV LQ WKH DVVXPSWLRQ OLVW� :HLHUVWUDVV LV
DEOH WR XVH WKH W\SH LQIRUPDWLRQ WKDW T LV RI W\SH = WR UHGXFH � � T WR WUXH�
7KXV S�T b ��� � = FDQ EH UHGXFHG WR WUXH E\ VLPSOLnFDWLRQ DORQH� 1R ORJLFDO
LQIHUHQFH LV UHTXLUHG� :KHQ GHEXJJLQJ WKLV SURRI� WKLV VLPSOLnFDWLRQ IDLOHG DW
nUVW� EHFDXVH XQWLO WKHQ� , KDG IRUJRWWHQ WR SXW WKH K\SRWKHVLV T ! � LQ WKH
VWDWHPHQW RI WKH WKHRUHP�

5HGXFLQJ W\SH H[SUHVVLRQV LQYROYLQJ VHULHV�
3T

Q
T� Q� LV DQ LQWHJHU� DQG

WKLV DOVR FDQ EH GHGXFHG ZLWKRXW LQIHUHQFH UXOHV� E\ VLPSOLnFDWLRQ DORQH� 7R
GHGXFH WKLV� ZH VLPSOLI\ WKH H[SUHVVLRQ T� Q� � =� EXW WR VLPSOLI\ WKLV WR
WUXH� ZH QHHG WKH DVVXPSWLRQ Q � T� ,Q SUHYLRXV SXEOLFDWLRQV WKH WHFKQLTXH
KDV EHHQ GHVFULEHG E\ ZKLFK 0DWKSHUW PDNHV WHPSRUDU\ DVVXPSWLRQV ZKLOH
VLPSOLI\LQJ DQ H[SUHVVLRQ VXFK DV DQ LQGH[HG VXP RU GHnQLWH LQWHJUDO� VR WKDW
VXFK DVVXPSWLRQV DUH LQGHHG DYDLODEOH ZKHQ UHTXLUHG� 7KLV WHFKQLTXH LV FDOOHG
WKH ?ELQGHUV� WHFKQLTXH� VLQFH LW DSSOLHV ZKHQ H[SUHVVLRQV LQYROYLQJ YDULDEOH�
ELQGLQJ RSHUDWRUV DUH VLPSOLnHG�

6XEW\SHV �W\SH HPEHGGLQJ� DUH VXSSRUWHG E\ :HLHUVWUDVV� )RU H[DPSOH�
RQH FDQ LQIHU D � = IURP D �1� 7KH V\VWHP RI DWRPLF W\SHV LQFOXGHV 1� =� 5�
4� DQG &� DOWKRXJK RQO\ 1� =� DQG 5 DUH LQYROYHG LQ WKH LUUDWLRQDOLW\ RI H�
0RUH FRPSOLFDWHG W\SHV� VXFK DV IXQFWLRQ W\SHV RU FRPSUHKHQVLRQ W\SHV� DUH
QRW XVHG LQ WKLV H[DPSOH�

��� 6LPSOLnFDWLRQ RI IDFWRULDOV DQG LQnQLWH VHULHV

&HUWDLQ VLPSOLnFDWLRQV QHHGHG LQ WKH SURRI ZHUH QRW SURYLGHG E\ FDOOV WR0DWK�

SHUW FRGH� DQG QHZ VLPSOLnFDWLRQ UXOHV ZHUH LQWURGXFHG LQ:HLHUVWUDVV WR PHHW
WKHVH QHHGV� )RU H[DPSOH� WKH ODZV RI WKH IDFWRULDO IXQFWLRQ DUH QRW FRQVLGHUHG
HOHPHQWDU\ HQRXJK WKDW 0DWKSHUW VKRXOG XVH WKHP ZKHQ D VWXGHQW FKRRVHV
?VLPSOLI\�� , KDYH LQ PLQG KHUH VXFK ODZV DV �Q � ���  �Q � ��Q� DQG WKH
FRUUHVSRQGLQJ ?IDFWRULDO FDQFHOODWLRQ ODZV�� VXFK DV �Q���� �Q���  Q� DQG
�Q���� Q�  �Q���� 7KHVH ODZV QHHG WR EH DSSOLHG WR IUDFWLRQV WKDW FRQWDLQ
RWKHU IDFWRUV LQ QXPHUDWRU DQG GHQRPLQDWRU� LQ DQ DUELWUDU\ RUGHU �DV ZLWK
PDQ\ VLPSOHU UXOHV XVHG LQ 0DWKSHUW�� %XW IRU SHGDJRJLFDO FRQVLGHUDWLRQV
WKH\ FRXOG MXVW DV ZHOO KDYH EHHQ LQFOXGHG ZLWK RWKHU PRUH ?DOJHEUDLF� ODZV�
$Q H[DPSOH RI WKHLU XVH LV LQ YHULI\LQJ WKH LQHTXDOLW\ �Q� � �Q � ���� ZKLFK
VLPSOLnHV WR � � Q� � DQG WKHQ WR � � Q�

$QRWKHU ?VLPSOLnFDWLRQ� QHHGHG LQ WKH SURRI LV ?UHFRJQL]LQJ� DQG VXPPLQJ

�
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DQ LQnQLWH JHRPHWULF VHULHV� $JDLQ� WKHUH DUH RQO\ SHGDJRJLFDO UHDVRQV ZK\
WKLV VWHS LV QRW SHUIRUPHG E\ WKH ?VLPSOLI\� FRPPDQG RI 0DWKSHUW� DQG VR
KDG WR EH DGGHG VSHFLDOO\ WR :HLHUVWUDVV�

2Q WKH RWKHU KDQG� LW LV HVVHQWLDO LQ WKLV H[DPSOH WKDW H EH H[SDQGHG LQWR
DQ LQnQLWH VHULHV� &OHDUO\ ZH GRQ
W ZDQW WR H[SDQG H LQWR D VHULHV HYHU\ WLPH ZH
VHH H LQ D SUREOHP� LW LV GRQH RQO\ DV D ODVW UHVRUW ZKHQ ZH FDQ
W JHW DQ\ZKHUH
E\ RWKHU PHDQV�

��� /RZHU ERXQGV RQ LQnQLWH VHULHV

7KH RQO\ UXOH RI WKLV NLQG SUHVHQWO\ LPSOHPHQWHG LQ :HLHUVWUDVV LV WKLV� 7R
SURYH D VHULHV LV SRVLWLYH� SURYH LWV JHQHUDO WHUP LV SRVLWLYH� 6SHFLnFDOO\� WKLV
UXOH WDNHV WKH IROORZLQJ IRUP�

F � N�b� � � DN

b� � �

�;

N F

DN

7KHUH LV D VLPLODU UXOH IRU nQLWH VHULHV� DQG D VLPLODU UXOH IRU � LQ SODFH RI
VWULFW LQHTXDOLW\� 2I FRXUVH RQH FRXOG DOVR IRUPXODWH D YHUVLRQ RI WKH UXOH LQ
ZKLFK WKH K\SRWKHVLV UHTXLUHV RQO\ WKDW WKH JHQHUDO WHUP EH QRQQHJDWLYH DQG
DW OHDVW RQH WHUP LV SRVLWLYH� EXW WKLV LV QRW UHTXLUHG LQ WKH H[DPSOH RI WKH
LUUDWLRQDOLW\ RI H�

7KLV UXOH FRXOG KDYH EHHQ LPSOHPHQWHG MXVW DV ZHOO DV D VLPSOLnFDWLRQ UXOH
�DSSO\LQJ WR WKH LQHTXDOLW\ LQ WKH FRQFOXVLRQ� DV DQ LQIHUHQFH UXOH� )RU WKDW
PDWWHU� LW FRXOG KDYH EHHQ LQFOXGHG DV DQ D[LRP DQG WUHDWHG DV VSHFLDO WR WKLV
SURRI� LQ WKDW FDVH WKH ORJLFDO PHFKDQLVPV ZRXOG KDYH KDQGOHG WKLV W\SH RI
LQIHUHQFH�

��� 8SSHU ERXQGV RQ LQnQLWH VHULHV

7R ERXQG D VHULHV IURP DERYH� XVH WKH FRPSDULVRQ WHVW WR HVWLPDWH WKH VHULHV

IURP DERYH E\ D VHULHV ZKRVH VXP LV NQRZQ� 7KH VLPSOHVW IRUP RI WKLV UXOH

ZRXOG WDNH WKH IROORZLQJ IRUP�

F � N�b� MDNM � EN

b�

�;

N F

DN �

�;

N F

EN

+RZHYHU� WKLV VLPSOH IRUP RI WKH UXOH ZRXOG EH XVHOHVV� :H ZDQW WR XVH

WKLV SULQFLSOH� IRU H[DPSOH� WR SURYH WKDW
3
�

N F
DQ � �� E\ nQGLQJ D VXLWDEOH

FRPSDULVRQ VHULHV ZKRVH VXP LV OHVV WKDQ �� 7KHUHIRUH WKLV UXOH PXVW EH XVHG

LQ FRPELQDWLRQ ZLWK WKH WUDQVLWLYLW\ RI HTXDOLW\� &RQWURO RI WUDQVLWLYLW\ LV D

UHFXUULQJ WKHPH LQ DXWRPDWHG GHGXFWLRQ� DQG KHUH LV RQH FRQWULEXWLRQ WR LW�

�
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F � N�b� MDNM � EN b�

�;

N F

EN � G

b�

�;

N F

DN � G

7KLV UXOH LV PXFK PRUH LQWHUHVWLQJ� VLQFH WKH TXHVWLRQ DULVHV DV WR KRZ�

ZKHQ WU\LQJ WR DSSO\ WKLV UXOH LQ UHYHUVH� WKH FRPSDULVRQ VHULHV EN LV WR EH

GHWHUPLQHG� 7KHUH LV DQ HYHQ PRUH EDVLF TXHVWLRQ� KRZ FDQ WKLV UXOH EH

SURSHUO\ H[SUHVVHG" ,Q WKH nUVW YHUVLRQ RI WKH UXOH� DN DQG EN DUH MXVW VRPH

WHUPV RI WKH ODQJXDJH FRQWDLQLQJ WKH YDULDEOH N� ,Q WKH VHFRQG IRUP� KRZHYHU�

LI E LV WR EH GHWHUPLQHG� ZH ZRXOG DSSHDU WR QHHG D YDULDEOH E� DQG WKDW YDULDEOH

ZRXOG KDYH WR EH RI W\SH1� 5� 7KH ODQJXDJH RI :HLHUVWUDVV ZRXOG VXSSRUW

VXFK D IRUPXODWLRQ� EXW WKDW ZRXOG OHDYH LW WR XQLnFDWLRQ WR nQG D VHULHV ZLWK

D NQRZQ XSSHU ERXQG� (YHQ LI KLJKHU�RUGHU XQLnFDWLRQ ZHUH LPSOHPHQWHG LQ

:HLHUVWUDVV LW ZRXOG QRW EH KHOSIXO XQOHVV WKHUH ZHUH D OLVW RI D[LRPV JLYLQJ

XSSHU ERXQGV RQ NQRZQ VHULHV�

,QVWHDG� WKLV UXOH LV LQFOXGHG VSHFLnFDOO\ IRU JHRPHWULF VHULHV
3
�

N F
EN� $

JHRPHWULF VHULHV LV FRQVWUXFWHG ZLWK UDWLR � � DQG nUVW WHUP EF  DF� ,Q WKH
IXWXUH� WKLV FDQ EH H[WHQGHG WR RWKHU W\SHV RI NQRZQ�VXPPDEOH VHULHV� 7KLV
VHHPV WR FRUUHVSRQG IDLUO\ ZHOO WR RXU LQWXLWLYH LGHD RI D PDWKHPDWLFLDQ
V ?EDJ
RI WULFNV� IRU ERXQGLQJ D VHULHV IURP DERYH�

$ GLpFXOW\ DULVHV ZKHQ ZH ZDQW WR SURYH D VWULFW LQHTXDOLW\� 2I FRXUVH
WKH UXOH ZRUNV LI ZH UHSODFH � E\ � LQ ERWK SUHPLVH DQG FRQFOXVLRQ� EXW VLQFH
LQ WKH FDVHV RI LQWHUHVW� ZH DUH XVLQJ D FRPSDULVRQ VHULHV ZLWK WKH VDPH nUVW
WHUP� ZH ZLOO QRW EH DEOH WR HVWDEOLVK D VWULFW LQHTXDOLW\ LQ WKH SUHPLVH� 7KH
UXOH LV RI FRXUVH QRW FRUUHFW ZLWK � LQ WKH FRQFOXVLRQ DQG � LQ WKH SUHPLVH�
EXW LW LV FRUUHFW LI ZH DGG WKH DGGLWLRQDO SUHPLVH WKDW WKH VHFRQG WHUP RI WKH
VHULHV VDWLVnHV D VWULFW LQHTXDOLW\� 7KLV IRUP RI WKH UXOH KDV EHHQ SXW LQWR WKH
SURJUDP�

��� &RQWUROOLQJ WUDQVLWLYLW\

,W LV D FRQVWDQW VWUXJJOH LQ DXWRPDWHG GHGXFWLRQ WR SHUPLW DOO GHVLUHG XVHV
RI WUDQVLWLYLW\ �RI HTXDOLW\ RU LQHTXDOLW\� ZKLOH SUHYHQWLQJ LQnQLWH UHJUHVV RU
FRPELQDWRULDO H[SORVLRQ� +HUH LV DQRWKHU UXOH DORQJ WKHVH OLQHV� :H FDOO LW WKH
?WUDQVLWLYHFDQFHO� UXOH� �,Q WKLV UXOH� $Y PHDQV $ PXOWLSOLHG E\ Y��

b� $ � % � &  $Y Y �1 b� $ � % � %Y � '

b� $ � % � & � '

,Q WKH LPSOHPHQWDWLRQ RI WKLV UXOH� XQLnFDWLRQ LV QRW VXpFLHQW WR nQG Y�
,QVWHDG� DOJHEUDLF FDQFHOODWLRQ LV DSSOLHG WR & $ IRU WKH YDULRXV $ RFFXUULQJ LQ
LQHTXDOLWLHV LQ WKH DQWHFHGHQW� XQWLO D FDQFHOODWLRQ LV IRXQG SURGXFLQJ D WHUP
Y  & $ ZKLFK LV ?REYLRXVO\� D QRQQHJDWLYH LQWHJHU �IRU H[DPSOH� D YDULDEOH
RI W\SH1� RU D QXPEHU� RU D SURGXFW RI LQWHJHUV�� :LWKRXW WKH UHVWULFWLRQ WKDW

�
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Y VKRXOG EH DQ LQWHJHU� WKH UXOH LV RI FRXUVH VWLOO YDOLG �LI Y LV QRQQHJDWLYH�� EXW
LW OHG WR IUXLWOHVV OLQHV RI DWWDFN� $V LPSOHPHQWHG� WKHQ� RQO\ RQH QHZ VXEJRDO
LV JHQHUDWHG� VLQFH WKH nUVW WZR K\SRWKHVHV ZLOO EH YHULnHG E\ VLPSOLnFDWLRQ�

7KLV UXOH LV YHU\ XVHIXO LQ SURRIV E\ LQGXFWLRQ� ZKHUH$ � % LV WKH LQGXFWLRQ
K\SRWKHVLV ��Q�� DQG & � ' LV WKH LQGXFWLRQ JRDO ��Q � ��� ,I WKH LQGXFWLRQ
YDULDEOH Q RFFXUV OLQHDUO\ LQ DQ H[SRQHQW� WKHQ & $ PD\ FDQFHO� SURGXFLQJ
D TXRWLHQW ZLWKRXW Q LQ WKH H[SRQHQW� VR %Y � ' PD\ EH VLPSOH WR SURYH�
6XFK D VLWXDWLRQ RFFXUV LQ WKH SURRI RI WKH LUUDWLRQDOLW\ RI H� ZKHQ SURYLQJ DQ
HVWLPDWH RQ WKH WHUPV RI DQ LQnQLWH VHULHV E\ LQGXFWLRQ� $ VLPSOH H[DPSOH
RI LWV XVH ZRXOG EH LQ WKH SURRI E\ LQGXFWLRQ RI �Q � �Q � ���� +HUH ZH WU\
WR GHULYH �Q � �Q � ��� � �Q�� � �Q � � � ���� &DQFHOOLQJ �Q�� �Q ZH nQG
Y  �� VR WKH QHZ JRDO LV �Q���� � ��Q������� 8VLQJ IDFWRULDO VLPSOLnFDWLRQ
DV GLVFXVVHG DERYH WKLV UHGXFHV WR � � ��Q � � � ��� ZKLFK LV HDVLO\ YHULnHG�
,QGHHG :HLHUVWUDVV FDQ SURYH �Q � �Q� ��� E\ LQGXFWLRQ LQ MXVW WKLV ZD\�

��� 0DWKHPDWLFDO LQGXFWLRQ

7KH SULQFLSOH RI PDWKHPDWLFDO LQGXFWLRQ LV HDVLO\ DGGHG WR DOPRVW DQ\ WKHRUHP�
SURYHU� 7KH GHOLFDWH LVVXHV DUH WKH VHOHFWLRQ RI DQ LQGXFWLRQ YDULDEOH DQG WKH
GHFLVLRQ WR WU\ PDWKHPDWLFDO LQGXFWLRQ� :HLHUVWUDVV KDV UDWKHU FUXGH UXOHV IRU
ERWK RI WKHVH� EXW WKH\ DUH VXpFLHQW IRU WKH HVWLPDWHV QHHGHG LQ WKH FRXUVH RI
WKH SURRI RI WKH LUUDWLRQDOLW\ RI H� 7KH UXOH RI LQGXFWLRQ LQ :HLHUVWUDVV LV DV
IROORZV�

b� ��F�� F � Q� ��Q��b� ��Q� ��

F � Q�b� ��Q�

ZKHUH Q GRHV QRW RFFXU LQ b RU LQ F� 7KDW LV� WKH EDVLV FDVH LV Q  F VLQFH
F � Q LV LQ WKH DVVXPSWLRQ OLVW� +HUH Q LV D YDULDEOH RI W\SH 1 RU =�

7KLV IRUPXODWLRQ RI WKH UXOH LPSOLHV DQ DQVZHU WR WKH ?GHOLFDWH LVVXHV�
PHQWLRQHG DERYH� 1DPHO\� LQGXFWLRQ RQ Q ZLOO QRW EH WULHG XQOHVV WKHUH LV DQ
LQHTXDOLW\ RI WKH IRUP F � Q LQ WKH DVVXPSWLRQ OLVW� ZLWK Q RI W\SH 1 RU =�
DQG LQ WKDW FDVH� WKH nUVW VXFK Q ZLOO EH VHOHFWHG DV WKH LQGXFWLRQ YDULDEOH�

7KH XVXDO IRUPXODWLRQ ZLWKRXW F � Q� QDPHO\

b� ���� ��Q��b� ��Q� ��

b� ��Q�

LV XVHG LQ :HLHUVWUDVV ZKHQ WKHUH LV H[DFWO\ RQH YDULDEOH RI W\SH 1 RU = LQ ��
+RZHYHU� WKLV SOD\V QR UROH LQ WKH SURRI RI LUUDWLRQDOLW\ RI H�

��� 7KH =ERXQG UXOH

7KH ORJLFDO� DV RSSRVHG WR PDWKHPDWLFDO� KHDUW RI WKH SURRI LV WKH LQWHUSOD\
EHWZHHQ WKH W\SH = DQG WKH W\SH 5� 7KH VLPSOHVW SULQFLSOH FRQQHFWLQJ WKHVH
WZR W\SHV LV WKH SULQFLSOH WKDW LI Q � = DQG � � Q WKHQ � � Q� 7KDW LV�
WKHUH DUH QR LQWHJHUV EHWZHHQ � DQG �� $ PRUH TXDQWLWDWLYH IRUPXODWLRQ RI

�
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WKLV SULQFLSOH LV WKH IROORZLQJ UXOH� ZKLFK ZH FDOO WKH ?=ERXQG UXOH�� :H KDYH
RPLWWHG WR ZULWH WKH DQWHFHGHQW b VLQFH LW LV WKH VDPH LQ ERWK WKH K\SRWKHVHV
DQG FRQFOXVLRQ�

P � = � � m m � �

PLQ�m� � b m� � MP� mM

7KLV UXOH LV RQO\ XVHIXO RQFH WKH TXDQWLW\ ZH DUH WU\LQJ WR ERXQG EHORZ KDV
EHHQ ZULWWHQ LQ WKH IRUP P�m ZLWK P � =� )RU WKLV SXUSRVH WKHUH LV D VSHFLDO
VLPSOLnFDWLRQ UXOH ZKLFK WULHV WR ZULWH LWV LQSXW LQ WKDW IRUP� ,Q SDUWLFXODU�
WKLV UXOH ZLOO EUHDN DQ LQnQLWH VHULHV LQWR D nQLWH VXP DQG DQ LQnQLWH ?WDLO� LI
LW FDQ EH FDOFXODWHG �E\ VLPSOLnFDWLRQ� WKDW WKH WHUPV XS WR D FHUWDLQ SRLQW
DUH LQWHJHUV� ,Q WKH DSSOLFDWLRQ WR WKH LUUDWLRQDOLW\ RI H� WKH VHULHV KDV WKH
IRUP

3
�

Q �
T� Q�� VR WKH QDWXUDO SODFH WR EUHDN WKH VHULHV LV DW Q  T� VLQFH IRU

Q � T� ZH KDYH T� Q� � =�

2I LQWHUHVW IRU WKH IXWXUH DUH YDULRXV UHnQHPHQWV RI WKLV UXOH� ,I RQH ZDQWV
WKH SURJUDP WR DEOH WR ?UHnQH WKH HVWLPDWHV� DV PHQWLRQHG LQ WKH LQWURGXFWLRQ�
RQH PD\ ZLVK WR FRQVLGHU UXOHV VXFK DV

P � = � � $ � m m � % � �

PLQ�$� � b%� � MP� mM

+HUH� LQ WKH DSSOLFDWLRQ RI WKH UXOH� $ DQG % ZRXOG XVXDOO\ EH QHZ
PHWDYDULDEOHV� ZLWK FHUWDLQ YDULDEOHV ?IRUELGGHQ� WR WKHLU YDOXHV� VR WKDW ZH
ZRXOG EH VHDUFKLQJ H�J� IRU ERXQGV LQGHSHQGHQW RI T� 7KLV UXOH KDV EHHQ LP�
SOHPHQWHG� EXW WKHUH DUH GLpFXOWLHV WR EH RYHUFRPH EHIRUH VXFK D UXOH FDQ EH
PDGH WR ZRUN SURSHUO\� DQG QR VXFK UXOH LV FXUUHQWO\ XVHG�

� 3RLQWV RI LQWHUHVW LQ WKH SURRI RI LUUDWLRQDOLW\ RI H

,Q WKLV VHFWLRQ ZH JR WKURXJK WKH SURRI VWHS�E\�VWHS� EULQJLQJ RXW WKH SRLQWV
DERXW WKH SURRI WKDW DUH RI VSHFLDO LQWHUHVW IRU DXWRPDWHG GHGXFWLRQ� DQG
VKRZLQJ KRZ WKH LQIHUHQFH UXOHV JLYHQ DERYH DUH XVHG WR nQG WKH SURRI�

7KH VWDUWLQJ SRLQW LV

�S � 1�T �1�T ! �� �&�MHb S TM w & T� A & ! ��

7KH ORJLFDO DSSDUDWXV VWULSV Rm WKH TXDQWLnHUV DQG DVVXPHV T ! � �SXWV LW
LQ WKH DQWHFHGHQW�� 7KH H[LVWHQWLDO YDULDEOH & EHFRPHV D PHWDYDULDEOH ZKLFK
PXVW HYHQWXDOO\ EH LQVWDQWLDWHG� 3XWWLQJ WKH FODXVH & ! � ODVW VDYHV XV IURP
D IUXLWOHVV DWWHPSW WR SURYH WKH LQHTXDOLW\ ZLWK &  T� VLQFH & ! � ZLOO XQLI\
ZLWK WKH K\SRWKHVLV T ! �� :H WKHQ VWDUW WR YHULI\ MH b S TM w & T�� +HUH
LV ZKHUH WKH ?KLQW� JLYHQ E\ WKH T� WHUP LV XVHG� WKH LQHTXDOLW\ VLPSOLnHV E\
FOHDULQJ WKH GHQRPLQDWRU� 7KH SURYHU LV DEOH WR GHGXFH WKH VLGH FRQGLWLRQ WKDW
T� ! � VLQFH WKLV LQHTXDOLW\ UHGXFHV WR WUXH� 7KH T� LV WKHQ PXOWLSOLHG LQWR WKH
DEVROXWH YDOXH �IRU UHDVRQV GLVFXVVHG EHORZ�� \LHOGLQJ WKH JRDO

��
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MT�Hb ST� TM w &

)DFWRULDO VLPSOLnFDWLRQ LV WKHQ XVHG WR UHGXFH T� T WR �Tb���� 7KLV LV QRW DV
WULYLDO DV LW VHHPV� VLQFH WKLV VLPSOLnFDWLRQ UHTXLUHV T ! �� VR WKH DVVXPSWLRQV
PXVW EH XVHG� 1H[W WKH SURYHU H[SDQGV H LQ DQ LQnQLWH VHULHV^EXW RQO\ DIWHU
WU\LQJ HYHU\WKLQJ HOVH� �6LQFH� DV GLVFXVVHG DERYH� H[SDQGLQJ H LQ D VHULHV
VKRXOG EH D ODVW UHVRUW�� 7KH IRUP RI WKLV H[SUHVVLRQ� KRZHYHU� LV VXFK WKDW
QRWKLQJ HOVH LQ WKH UHSHUWRLUH JHQHUDWHV D QRWLFHDEOH IDOVH VWDUW� �2QH KDV WR
ZRQGHU� WKRXJK� LI WKDW ZRXOG VWLOO EH WUXH LI :HLHUVWUDVV FRQWDLQHG D FRXSOH
RI KXQGUHG ZLGHO\�YDULHG PDWKHPDWLFDO LQIHUHQFH UXOHV�� 7KLV OHDGV WR

MT�

�;

Q �

� Q�b S�T b ���M w &

1RZ LW
V D SUREOHP WR JHW WKH T� PXOWLSOLHG LQWR WKH VHULHV� VLQFH JHQHUDOO\
VLPSOLnFDWLRQ ZLOO SXOO FRQVWDQWV RXW RI VHULHV� UDWKHU WKDQ SXVK WKHP LQ� 7KLV

LV WKHUHIRUH QRW SHUIRUPHG E\ WKH ?VLPSOLI\� RSHUDWLRQ RI 0DWKSHUW� 3HUKDSV LW

VKRXOG EH� RQ WKH JURXQGV WKDW LW
V D JRRG LGHD WR PXOWLSO\ FRQVWDQWV LQYROYLQJ

IDFWRULDO LQWR VHULHV ZKRVH JHQHUDO WHUP FRQWDLQV IDFWRULDO� EXW DW SUHVHQW� LW

LVQ
W GRQH� 7KH VDPH DSSOLHV WR WKH VWHS PHQWLRQHG DERYH� RI PXOWLSO\LQJ

WKH T� WHUP LQWR WKH DEVROXWH YDOXH� %RWK WKHVH VWHSV DUH SHUIRUPHG XQGHU

WKH GLUHFW FRQWURO RI :HLHUVWUDVV UDWKHU WKDQ E\ 0DWKSHUW
V VLPSOLnFDWLRQ�

7KH JHQHUDO SULQFLSOH KHUH VHHPV WR EH WKDW LI \RX FDQ
W JHW \RXU WKHRUHP

SURYHG E\ VLPSOLI\LQJ DV XVXDO� \RX SUREDEO\ VKRXOG H[SDQG WKLQJV WKDW ZHUH

FRQWUDFWHG� PXOWLSO\ LQ WKLQJV WKDW ZHUH IDFWRUHG RXW� HWF� $W DQ\ UDWH WKDW

LV ZKDW :HLHUVWUDVV GRHV� WKHUH LV QR nQH�WXQLQJ DERXW ?PXOWLSO\ IDFWRULDOV

LQWR VHULHV WKDW FRQWDLQ IDFWRULDOV�� ,W LV VLPSO\� LI QRWKLQJ HOVH ZRUNV� SXVK

FRQVWDQWV LQWR DEVROXWH YDOXHV DQG VHULHV LQVWHDG RI IDFWRULQJ WKHP RXW� :H

DUULYH DW

M

�;

Q �

T� Q�b S�T b ���M w &

1RZ WKH SURYHU VWDUWV WR SUHSDUH IRU WKH HYHQWXDO XVH RI WKH =ERXQG UXOH�
E\ EUHDNLQJ WKH VXP LQWR WZR SDUWV� VHSDUDWLQJ Rm WKH LQLWLDO WHUPV WKDW LW FDQ
VHH DUH LQWHJHUV�

M

T;

Q �

T� Q� �

�;

Q T��

T� Q�b S�T b ���M w &

6LQFH VLPSOLnFDWLRQ LV DEOH WR VLPSOLI\ WKH W\SH H[SUHVVLRQ WKDW VD\V WKH
nQLWH VXP LV RI W\SH = WR WUXH� WKH =ERXQG UXOH LV QRZ DSSOLHG� ZULWLQJ WKLV
LQHTXDOLW\ LQ WKH IRUP MP � mM ! &� ZKHUH P  

3
T

Q �
T� Q� b S�T b ��� DQG

m  
3
�

Q T��
T� Q�� 7KLV XQLnHV WKH PHWDYDULDEOH & ZLWK PLQ�m� � b m�� �2I

FRXUVH� WKH SURYHU GRHV QRW LQWURGXFH D QHZ OHWWHU m DQG D GHnQLWLRQ DV ZH
GR KHUH IRU FRQYHQLHQFH DQG OHJLELOLW\�� ,W UHPDLQV WR YHULI\ � � m DQG m � ��

��
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� � m LV HDVLO\ YHULnHG� VLQFH WKH JHQHUDO WHUP RI WKH VHULHV LV SRVLWLYH� 7KH
KDUG SDUW LV m � ��

7KH SURYHU DWWDFNV m � � XVLQJ WKH FRPSDULVRQ WHVW� 7KH SURRI SUHVHQWHG
LQ >��@ GRHV QRW XVH D JHRPHWULF VHULHV� EXW UDWKHU WKH VHULHV IRU H� :HLHUVWUDVV

XVHV D JHRPHWULF VHULHV DV GLVFXVVHG DERYH� 7KLV VHHPV WR EH DQ LPSURYHPHQW
RYHU WKH RULJLQDO SURRI� 1DPHO\� XVLQJ WKH VHULHV IRU H FDXVHV WZR SUREOHPV�
)LUVW� LW LV QHFHVVDU\ WR IDFWRU RXW WKH nUVW WHUP T� �T � ���  � �T � ��� DQG
QRWKLQJ LQ WKH SURJUDP ZLOO FDXVH WKDW WR KDSSHQ� DQG LW VHHPV WKDW RQO\ DQ DG
KRF UXOH FRXOG IRUFH LW WR KDSSHQ� 6HFRQG� DQG PRUH LPSRUWDQW� WKH HVWLPDWH
WKDW FRPHV RXW LV H �T � ��� DQG LW LV QRW HYHQ WUXH WKDW WKLV LV ERXQGHG E\
� IRU DOO T� ,QVWHDG� RQH KDV WR VHSDUDWHO\ SURYH H � � DQG LQWURGXFH D FDVH
VSOLW� WUHDWLQJ WKH FDVHV T  � DQG T  � VHSDUDWHO\� $OO WKLV LV OHIW LPSOLFLW
LQ >��@� EXW QRWKLQJ LQ :HLHUVWUDVV ZRXOG EH DEOH WR PDNH WKLV FDVH VSOLW� ,Q
RWKHU ZRUGV� LI ZH DGGHG WKH VHULHV IRU H WR WKH FRPSDULVRQ WHVW LQIHUHQFH UXOH
WR EH WULHG EHIRUH WKH JHRPHWULF VHULHV� DQG DOVR IRUFHG LW WR IDFWRU RXW WKH nUVW
WHUP IROORZLQJ >��@� LW ZRXOG IDLO WR SURYH H �T � �� � � DQG KHQFH IDLO WR nQG
WKH HVWLPDWH LQ >��@�

1RW WR ZRUU\� WKH JHRPHWULF VHULHV HVWLPDWH GRHV VXFFHHG� 7KH JHRPHWULF
FRPSDULVRQ VHULHV ZLWK UDWLR � DQG nUVW WHUP �ZKHQ Q  T� �� PDWFKLQJ WKDW
RI m KDV JHQHUDO WHUP �bQ�T�� �T � ��� 7KLV JHQHUDWHV WKH VXEJRDO

T � � � Q�
T�

Q�
�
�bQ�T��

T � �

$IWHU VLPSOLnFDWLRQ WKLV LQHTXDOLW\ EHFRPHV

�QbTb��T � ��� � Q�

7KH SURYHU WKHQ SURYHV WKLV E\ LQGXFWLRQ� 6LQFH WKH DVVXPSWLRQ T�� � Q
LV LQ WKH DQWHFHGHQW� WKH LQGXFWLRQ YDULDEOH LV VHOHFWHG DV Q� DQG WKH EDVLV FDVH
LV Q  T��� 7KH EDVLV FDVH WKHQ VLPSOLnHV WR WUXH� 7KH LQGXFWLRQ VWHS \LHOGV
WR WKH ?WUDQVLWLYHFDQFHO� UXOH GLVFXVVHG DERYH� 1DPHO\� WKH LQGXFWLRQ VWHS
V
JRDO LV

�Q��bTb��T � ��� � �Q� ���

5HJDUGLQJ WKLV DV WKH & � ' LQ WKH FRQFOXVLRQ RI WKH WUDQVLWLYHFDQFHO
UXOH� DQG WKH LQGXFWLRQ K\SRWKHVLV DV WKH $ � % WHUP LQ WKDW UXOH� ZH KDYH
& $  Y  �� 7KH QHZ JRDO �JHQHUDWHG E\ WKH WUDQVLWLYHFDQFHO UXOH� LV
�Q� � �Q����� ZKLFK UHGXFHV XVLQJ IDFWRULDO VLPSOLnFDWLRQ WR � � Q��� KHQFH
WR � � Q� ZKLFK IROORZV LPPHGLDWHO\ IURP T � � � Q�

6LQFH ZH ZDQW WR XVH WKH FRPSDULVRQ WHVW WR HVWDEOLVK D VWULFW LQHTXDOLW\�
ZH PXVW DOVR YHULI\ WKDW VWULFW LQHTXDOLW\ KROGV LQ WKH FRPSDULVRQ IRU DW OHDVW
RQH WHUP� :HLHUVWUDVV FKRRVHV WKH VHFRQG WHUP� ZKHUH Q  T � �� DQG WKH
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LQHTXDOLW\ WR EH SURYHG LV

T�

�T � ���
�
�b�T����T��

T � �

ZKLFK VLPSOLnHV WR WUXH� FRPSOHWLQJ WKH FRPSDULVRQ WHVW� 1RWH WKDW IDFWRULDO
VLPSOLFDWLRQ� QRW MXVW SRO\QRPLDO DOJHEUD� LV QHHGHG KHUH�

7KLV FRPSOHWHV WKH YHULnFDWLRQ RI WKH K\SRWKHVHV RI WKH =ERXQG UXOH� $W
WKLV SRLQW WKH PHWDYDULDEOH & LV XQLnHG ZLWK PLQ�m� � b m�� DQG WKH SURYHU
PRYHV RQ WR WKH ODVW JRDO� QDPHO\ � � &� 2ULJLQDOO\ , KDG DGGHG WKH LQIHUHQFH
UXOH

; � $ ; � %

; � PLQ�$�%�

%XW WKLV WXUQHG RXW WR EH VXSHUoXRXV VLQFH 0DWKSHUW DOUHDG\ VLPSOLnHV ; �

PLQ�$�%� WR ; � $ A; � %� +HUH LV DQRWKHU FDVH ZKHUH WKH OLQH EHWZHHQ
FDOFXODWLRQ DQG LQIHUHQFH LV EOXUUHG�

7KH nQDO LQWHUHVWLQJ SRLQW LV WKDW ZH KDYH DOUHDG\ YHULnHG ERWK RI WKHVH
JRDOV� <HW RULJLQDOO\� WKHUH ZDV QRWKLQJ LQ :HLHUVWUDVV WR HQDEOH LW WR UH�XVH
WKRVH GHGXFWLRQV� ,W ZRXOG VLPSO\ UHSHDW WKHP� 7KH JHQHUDO SUREOHP KHUH LV�
KRZ GR ZH UHFRJQL]H D OHPPD ZKHQ ZH VHH RQH" :KDW VXESURRIV VKRXOG EH
DFFRUGHG WKH VWDWXV RI OHPPDV� DQG UHFRUGHG� DQG UHIHUUHG WR ZKHQ WKH VDPH
JRDO FRPHV XS DJDLQ ODWHU" )RU WKH SUHVHQW� :HLHUVWUDVV DFFRUGV WKDW VWDWXV WR
WKH K\SRWKHVHV RI WKH =ERXQG UXOH� RQ WKH JURXQGV WKDW DOPRVW DOZD\V ZH ZLOO
EH ZDQWLQJ WR SURYH WKDW WKH ERXQG SURGXFHG LV SRVLWLYH� 7KH SURYHU NHHSV
D OLVW RI OHPPDV� LW UHFRUGV VHTXHQWV LQ WKLV OLVW RQ FRPPDQG� DQG WKH nUVW
WKLQJ LW GRHV ZKHQ WU\LQJ WR SURYH D JRDO LV WR FRPSDUH WKH JRDO WR WKH OLVW
RI OHPPDV� $W SUHVHQW� RQO\ WKH VXEJRDOV JHQHUDWHG E\ WKH =ERXQG UXOH DUH
UHFRUGHG DV OHPPDV� 7KLV PHFKDQLVP SHUPLWV WKH SURRI WR FRPSOHWH LQ D IHZ
OLQHV DIWHU WKH =ERXQG UXOH LQIHUHQFH FRPSOHWHV� UDWKHU WKDQ QHDUO\ GRXEOLQJ
LWV OHQJWK�

5HIHUHQFHV

>�@ %HHVRQ� 0�� $XWRPDWLF *HQHUDWLRQ RI (SVLORQ�'HOWD 3URRIV RI &RQWLQXLW\�
LQ� &DOPHQW� -�� DQG 3OD]D� -� �HGV�� $UWLnFLDO ,QWHOOLJHQFH DQG 6\PEROLF

&RPSXWDWLRQ� /HFWXUH 1RWHV LQ $UWLnFLDO ,QWHOOLJHQFH ����� SS� ������ 6SULQJHU�
9HUODJ� %HUOLQ�+HLGHOEHUJ�1HZ <RUN �������

>�@ %HHVRQ� 0�� 8QLnFDWLRQ LQ ODPEGD�FDOFXOXV ZLWK LI�WKHQ�HOVH� LQ� .LUFKQHU

DQG .LUFKQHU �HGV�� $XWRPDWHG 'HGXFWLRQ^&$'(���� 3URFHHGLQJV RI WKH ��WK

,QWHUQDWLRQDO &RQIHUHQFH RQ $XWRPDWHG 'HGXFWLRQ� /LQGDX� *HUPDQ\� -XO\

����� SS� �������� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH ����� 6SULQJHU�9HUODJ�
%HUOLQ�+HLGHOEHUJ�1HZ <RUN �������
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>�@ %HHVRQ� 0�� /RJLF DQG FRPSXWDWLRQ LQ 0DWKSHUW � DQ H[SHUW V\VWHP IRU
OHDUQLQJ PDWKHPDWLFV� LQ� .DOWRIHQ� (�� DQG :DWW� 6� 0� �HGV��� &RPSXWHUV DQG
0DWKHPDWLFV� SS� ���^���� 6SULQJHU�9HUODJ �������

>�@ %HHVRQ� 0�� 'HVLJQ 3ULQFLSOHV RI 0DWKSHUW� 6RIWZDUH WR VXSSRUW HGXFDWLRQ
LQ DOJHEUD DQG FDOFXOXV� LQ� .DMOHU� 1� �HG�� +XPDQ ,QWHUIDFHV WR 6\PEROLF

&RPSXWDWLRQ� 6SULQJHU�9HUODJ� %HUOLQ� +HLGHOEHUJ� 1HZ <RUN �������

>�@ %HHVRQ� 0�� 8VLQJ QRQVWDQGDUG DQDO\VLV WR HQVXUH WKH FRUUHFWQHVV RI V\PEROLF
FRPSXWDWLRQV� ,QWHUQDWLRQDO -RXUQDO RI )RXQGDWLRQV RI &RPSXWHU 6FLHQFH ����

������ ��������

>�@ %HHVRQ� 0�� 6RPH DSSOLFDWLRQV RI *HQW]HQ
V SURRI WKHRU\ LQ DXWRPDWHG
GHGXFWLRQ� LQ� 6KURHGHU�+HLVWHU� 3�� ([WHQVLRQV RI /RJLF 3URJUDPPLQJ� 6SULQJHU

/HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH ���� SS� ���^���� 6SULQJHU�9HUODJ �������

>�@ %R\HU� 5�� DQG 0RRUH� -�� $ &RPSXWDWLRQDO /RJLF� $FDGHPLF 3UHVV �������

>�@ &ODUNH� (�� DQG =KDR� ;�� $QDO\WLFD� $ 7KHRUHP 3URYHU LQ 0DWKHPDWLFD�

LQ� .DSXU� '� �HG��� $XWRPDWHG 'HGXFWLRQ� &$'(��� � 3URF� RI WKH ��WK

,QWHUQDWLRQDO &RQIHUHQFH RQ $XWRPDWHG 'HGXFWLRQ� SS� ���^���� 6SULQJHU�

9HUODJ� %HUOLQ�+HLGHOEHUJ �������

>�@ &RVWH� 0�� DQG 5R\� 0� )�� 7KRP
V OHPPD� WKH FRGLQJ RI UHDO DOJHEUDLF QXPEHUV�
DQG WKH FRPSXWDWLRQ RI WKH WRSRORJ\ RI VHPL�DOJHEUDLF VHWV� LQ� $UQRQ� '� 6��

DQG %XFKEHUJHU� %�� $OJRULWKPV LQ 5HDO $OJHEUDLF *HRPHWU\� $FDGHPLF 3UHVV�
/RQGRQ �������

>��@ 'RZHN� *�� +DUGLQ� 7K�� .LUFKQHU� &�� 7KHRUHP SURYLQJ PRGXOR� 5DSSRUW GH
5HFKHUFKH ����� ,15,$ �������

>��@ +DUULVRQ� -�� DQG 7KHU\� /�� ([WHQGLQJ WKH +2/ WKHRUHP SURYHU ZLWK D FRPSXWHU

DOJHEUD V\VWHP WR UHDVRQ DERXW WKH UHDOV� LQ +LJKHU 2UGHU /RJLF 7KHRUHP

3URYLQJ DQG LWV $SSOLFDWLRQV� �WK ,QWHUQDWLRQDO :RUNVKRS� +8* 
��� SS� ���^

���� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH ���� 6SULQJHU�9HUODJ �������

>��@ 0F&XQH� :�� 2WWHU ���� LQ� 6WLFNHO� 0� (� �HG��� ��WK ,QWHUQDWLRQDO &RQIHUHQFH

RQ $XWRPDWHG 'HGXFWLRQ SS� ���^���� 6SULQJHU�9HUODJ� %HUOLQ�+HLGHOEHUJ

�������

>��@ 6LHJHO� &DUO /XGZLJ� 7UDQVFHQGHQWDO 1XPEHUV� $QQDOV RI 0DWKHPDWLFV 6WXGLHV

��� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV� 3ULQFHWRQ� 1HZ -HUVH\ �������

$ $SSHQGL[� 9HUEDWLP FRS\ RI WKH RXWSXW

:HLHUVWUDVV SURGXFHV DQ LQWHUQDO SURRI REMHFW� ZKLFK FDQ EH YLHZHG DQG VDYHG

LQ HLWKHU ?WUDFH YLHZ� RU ?SURRI WUHH YLHZ�� 7KHUH LV DQ RSWLRQ WR VDYH WKH

WUDFH YLHZ DV D 7(; nOH� +HUH LV WKH WUDFH�YLHZ nOH� DV SURGXFHG DQG W\SHVHW

E\ :HLHUVWUDVV�

��
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LW VXpFHV WR SURYH

� �

�;

N T��

T�

N�

DQG
�;

N T��

T�

N�
� �

7U\LQJ

� �

�;

N T��

T�

N�

,W ZRXOG VXpFH WR SURYH WKH JHQHUDO WHUP LV SRVLWLYH�

7U\LQJ

�N�

r
T � � � N � � �

T�

N�

s

7U\LQJ

T � � � N � � �
T�

N�

$VVXPLQJ T � � � N

7U\LQJ

� �
T�

N�

+H\� WKDW VLPSOLnHV WR WUXH�

6XFFHVV

'LVFKDUJLQJ

6XFFHVV

6XFFHVV

6XFFHVV

6XFFHVV� WKDW FRPSOHWHV WKH SURRI RI

� �

�;
N T��

T�

N�

5HFRUGLQJ WKLV UHVXOW DV /HPPD �

7U\LQJ
�;

N T��

T�

N�
� �

7U\ FRPSDULVRQ ZLWK DQ HDVLHU VHULHV�

��



%HHVRQ

7U\LQJ

�N � =�

r
T � � � N �

nnnT�
N�

nnn � T�

�T � ���

r�

�

sNbTb�s

7U\LQJ

T � � � N �

nnnT�
N�

nnn � T�

�T � ���

r�
�

sNbTb�

$VVXPLQJ T � � � N

7U\LQJ

nnn T�
N�

nnn � T�

�T � ���

r�
�

sNbTb�

6LPSOLI\LQJ� LW ZRXOG VXpFH WR SURYH

�NbTb��T � ��� � N�

7U\LQJ PDWKHPDWLFDO LQGXFWLRQ RQ N
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+H\� WKDW VLPSOLnHV WR WUXH�

7KDW FRPSOHWHV WKH EDVLV FDVH�

1RZ IRU WKH LQGXFWLRQ VWHS�
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:H PXVW SURYH
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,Q YLHZ RI
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