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1 Enneper’s Surface

Enneper’s surface was discovered in 1863 by Alfred Enneper, who was 33 at the
time. This was seven years after his Ph. D. under the supervision of Dirichlet
at Gottingen, where Enneper lived his entire life, from student to Professor
Extraordinarius.

Enneper’s surface is defined in the entire complex plane, so it is an example
of a complete minimal surface (no boundary). However, we are interested in
considering portions of it, defined in a disk of radius R. Then it is bounded by
“FEnneper’s wire”,

Rcosf — %R3 cos 30
Ir(0) = | —Rsinf+ $R>sin30
R? cos 26

The same formula, with r in place of R, defines Enneper’s surface in polar
coordinates.

1.1 Weierstrass representation

To show that Enneper’s surface as defined above is indeed a minimal surface,
we show that it arises from the Weierstrass representation if we take f(z) = 2
and g(z) = 2z. This gives us

1— 22
u, = | i(1+22)

Integrating, we have

3
u = Re | i(z+12%)

rcosf — %7’3 cos 36
= —rsinf + %r3 sin 36
72 cos 20

1.2 Non-parametric form

According to Rado’s theorem, as long as the Jordan curve I' has a convex project
on the zy plane, any disk-type minimal surface bounded by I' is expressible in
non-parametric form, i.e. z = f(z,y). Since there is a maximum principle for
the difference of two solutions of the non-parametric minimal surface equation,
the solution for a given boundary is unique.

Let I'g be “Enneper’s wire”, defined above.

Lemma 1 For R < %, the projection of Enneper’s wire I'r on the xy plane
is convex. Hence I'r bounds exactly one minimal surface.



Proof. Let 7y, be the projection of I', onto the xy plane. Then

| pcosb — %p3 cos 36

Ye(0) = —psinf + %p3 sin 36

History and references. See pp. 80-84 of [17]; see also [19] 7 and [?] ?

1.3 total curvature of Enneper’s wire
1.4 Self-intersection
1.5 First and second eigenvalues
1.6 Ruchert’s uniqueness theorem
1.7 The second variation of D?F
Consider the kernel equation for Enneper’s surface in the disk of radius 1,
kou, =0
or in real form with k& = Yuy,
ug((Yug)r — (Yur)s) = 0.

We will show that ¢ = sin(26) solves this equation. On S* we have (even when

t#0)

k = 1/}’&9
sin 20 Re (izu.)
1 i(z —23%)
= —i(z22=2%)Re | —(2+2°)
2 952
iz

1 —iz3 +iz — iz +iz3
= Zz’(,z2—z2) 23 —2-z-7

2122 — 272

1 [ (22 -2 (2% —2+2-2%)
= S| —i(z2=-2)(2 +z+ 2+ 2%
Pl o2 2222 - 222
1 [ 25— 23 — 23 4 2°
= = | —i(s%+2%—23-29)
| 22t 44— s

This expression for k is harmonic in the entire plane since evidently Ak = k,; =
0. Differentiating with respect to z we have (even when ¢ # 0)

1 524 — 322
k, = - | —biz*—3iz? (1)
4
—823



Taking the dot product with u, we have, when t = 0,

1_524—32'2 i 1—22
kou, = = | —hizt—3i22 | - | i(1+2?)
4 L —82° ] 2z
1_524—3z2 [ 1 — 22
= | 5432 || 1422 | =0
4 L —82° | 2z

Similar calculations show that ¢ = a+bcosf+ c¢sin  also yields a solution; this
three-parameter family accounts for the conformal directions, and 1 = 2cos6
represents a non-trivial kernel direction.

That k is the only kernel direction (orthogonal to the conformal direc-
tions) can be shown directly by writing a Fourier series for an unknown ¢ =
S anz™ on S and showing 1 must have the form a 4+ bcosf + csinf +
dsin 20, which is how we found v = sin 26 in the first place.

We also give a more informative proof that £ is the only non-trivial kernel di-
rection. The function g(z) in the Weierstrass representation is the stereographic
projection of the unit normal N, and for Enneper’s surface ¢g(z) = z. Hence,
the Gaussian image of Enneper’s surface in the unit disk is exactly the upper
hemisphere. Hence the first eigenvalue of D?A(u) is 2, so the kernel of D? A(u)
is one-dimensional, as the eigenspace of the least eigenvalue. But every member
k of the kernel of D?E(u) gives rise to a member ¢ = k- N of the kernel of
D?A(u), and the map k — ¢ is one to one.

For R < 1, the Gaussian area of Enneper’s surface over the disk of radius R
is contained in a hemisphere, so the critical eigenvalue is more than 2 and the
surface is a relative minimum of area. For R > 1, the Gaussian area contains a
hemisphere, so the surface is not a relative minimum of area. Hence R = 1 is
the only value for which the second variation has a kernel.

1.8 The third variation of Enneper’s surface

We now calculate the third variation of Enneper’s surface (defined in the unit
disk). We consider a variation u(t) defined on S* by

u = ug(elOFHETOEN))

where 1(0) = sin 20 and the subscript in ug indicates ¢ = 0. Differentiating with
respect to t we have

up = (1 + O(t))ue.
Thus k = uy lies in the kernel of D?E(ug) when ¢ = 0.

Lemma 2 The third variation of Enneper’s surface is zero. Specifically, with
the variation u(t) given above, we have
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Proof. We have (as shown in Lectures on Minimal Surfaces, Chapter 10, follow-
ing [24])
0*E
ot3

= 4R, k2 dz + 4 R; ke).u-vpd 2
g o [ h2detaRe [ auko)uds ®)

By (1) we have k, = z2v for some holomorphic vector v. Then k? = z*v2. Then
on S* we have

2k = 2502%(22 — 2%
= 232! (z*=1)
The integrand is holomorphic in the unit disk, so by Cauchy’s theorem, the first

integral in (2) is zero.
We now work on the second integral. From (1) we have

1
zk, = 152'5 — 323525 — 3iz3 824

Then
ke = —Im (zk,) = —2i(zk, + 22k,)
—5i2% 4+ 3023 — 323 4+ 5iz°
= — —525 323 373 —5z°
Qizt — 8izt
4 —5iz% + 3iz® — 3iz% 4 5iz°
vky = Z(ZQ —2%) | —52°—32%—32% —52°
Qiz* — 8iz*
1 [ —527+32° 4523 —32—324+53% 4335 —5%7
= 5i27 + 3i2° — 5i2 — 3iz + 3iZ + 5iZ° — 3iz° — 5iz’
| 820 — 822 — 827 +82°
1 [ —3520 + 1524+ 1522 -3
(Yko), = 1 35125 + 15i2% — 15i22 — 3i
| 482° — 162 |
1 [ —3520 4+ 1524 +1522—-3 ] [ 1— 22
(Yko).u, = 1 35125 + 15i2% — 15i22 — 3i i(1+ 2%)
i 482° — 162 l 2z
B
22— 72
Z((ka)zuzw = Z(_ZG + 22) (T)
1
= 5(—29 —25—2)

Since this is analytic, its integral around S' is zero, so the second term in (2)
is zero. That completes the proof of the lemma.



1.9 The fourth variation of Enneper’s surface

We will compute the fourth variation of Enneper’s surface along the path given
by
u(t,0) = uo(0 + ) with ¢ = 2sin 26

We write k = u; = tpug. Since ¥ does not depend on ¢, we have k;, = Yugy = k.
The following formula for the fourth variation in a direction belonging to the
kernel of the second variation is given in [4].

o'
ot4

= 8Re/zkzkztwdz—i-élRe/zkttzuzd)dz
t=0

+ 12Re / 2kou.t) dz + 8 Re / 2k24; dz

Since we have assumed 1, = 0 the last two terms can be dropped:

o'
ot+

= 8Re/zkzkztwdz—i—élRe/zkttzuzz/}dz
t=0

We have 1
1 =sinf = 5(—1'2“2 +iz72),
By (1), k. is divisible by 22. Hence k.1 is holomorphic. Since the z-derivative

of any harmonic function is holomorphic, and k; is harmonic, so k.; = ky, is
holomorphic. Hence the first term also vanishes:

o'
ot+

= 4Re/zkttzuzz/1dz
t=0

Recall from (1) that (even when ¢ # 0)

524 — 322
k., = = | —bhizt—3iz?
—823

To use this equation when ¢ # 0 we should put z = e***%¥) 50 we have

5z% — 322
k., = 12 —5izt — 3322
40t _83
2 2022 — 62
= ! —20iz% — 6iz
4 g2



i 2023 — 62
= 11/12 —20iz> — 6iz
—2472
. 2 2 2023 — 62
- %dtz 2,Z 2| —20i23 — 6iz
¢ —2472
2026 — 624 — 202246
= —20i2% — 6i2* 4+ 20022 + 61
—242% + 24

This came out holomorphic, as it had to, since it is also k;, and k; is harmonic.
Now differentiate again with respect to ¢:

1202° — 2423 — 40z

oy = | —120025 — 24023 + 40iz
—9623
iz 12025 — 2423 — 40z
- 5 —120i25 — 24423 + 40iz
—9623
P2 52 1202° — 2423 — 40z
= FEET z | —120i2° — 24i23 + 40iz
v —9623
1 12028 — 2426 — 1602% + 2422 + 40
= —120i28 — 2425 — 80iz* + 24322 — 40i

—962% + 9622

For Enneper’s surface we have

2—23

U, = iz 4123
222

Taking the dot product with the previous equation, we have

1 12028 — 2426 — 1602* + 2422 + 40 z— 23
2k, = G —120i28 — 24026 — 80iz* + 24422 — 40i | - | iz + iz
—9626 + 9622 222
= 5z+0(2?)

Multiplying by v we have

A

2k uztp = (52+O(z2)) 57

= 5iz '+ 0(1)



Integrating this around S!, the O(1) part is holomorphic, so it integrates to 0,
and we have

0'E
e . = 4Re /zkttzuzd) dz
= 4Re o dz
z
5i .
= 4Re o by Cauchy’s residue theorem
i
10
oo
We have proved
0*E
— 0 3
ot |,_, )

1.10 Relative minimum for R =1

We need the following theorem, which is discussed in [4].

Theorem 1 Let u be a minimal surface of disk type bounded by a Jordan curve
. Suppose that D*E(u) has a one-dimensional kernel (aside from the conformal
directions) and that for some one-parameter family u(t) of harmonic surfaces
bounded by T, with u(0) = u and u;(0) = k in the kernel of D*E(u), the third
and fourth derivatives of E(u(t)) with respect to t are respectively zero and
positive. Then u is a relative minimum of Dirichlet’s energy.

Corollary 1 Enneper’s surface for R =1 is a relative minimum of area.

Proof. Let u be Enneper’s surface for R = 1, and let ¢ = sin20. Let u(t,0) =
u(@+t1)). We have calculated the required second, third, and fourth derivatives
of E(u(t)) in the previous sections, and they meet the hypotheses of the theorem.
That completes the proof.
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