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$EVWUDFW

:H JLYH ULJRURXV GHnQLWLRQV DQG WKHRUHPV VXSSRUWLQJ WKH XVH RI V\P�
EROV IRU �YDULRXV NLQGV RI� LQnQLW\ DQG XQGHnQHGQHVV LQ FDOFXODWLRQV LQ�
YROYLQJ OLPLWV� 6XFK FDOFXODWLRQV DUH RIWHQ PDGH RQ SDSHU DQG EODFN�
ERDUGV� EXW DUH XVXDOO\ EDUUHG DGPLVVLRQ WR WH[WERRNV RQ WKH JURXQGV RI
LQVXpFLHQW SHGLJUHH� +HUH ZH PDNH WKHP UHVSHFWDEOH� XVLQJ WKH WKHRU\ RI
nOWHUV�

� ,QWURGXFWLRQ

(YHU\ FDOFXOXV WH[WERRN WUHDWV WKH WRSLFV /LPLWV DW ,QnQLW\ DQG ,QnQLWH /LPLWV�

7KH WH[WERRNV FDUHIXOO\ H[SODLQ WKDW WKH V\PERO C�
 PHDQV QRWKLQJ LQ LVRODWLRQ�
RQO\ FHUWDLQ SKUDVHV FRQWDLQLQJ WKDW V\PERO DUH GHnQHG� 1HYHUWKHOHVV� ZKHQ LW
FRPHV WR WKH SUDFWLFDO FDOFXODWLRQ RI OLPLWV� WKH XVH RI LQnQLW\ DQG ZRUVH� WKH
XVH RI ]HUR LQ GHQRPLQDWRUV� LV TXLWH FRPPRQ� 7KH nUVW DXWKRU ZUHVWOHG ZLWK
WKLV LVVXH ZKHQ ZULWLQJ WKH PDWKHPDWLFDO VRIWZDUH0DWKSHUW >�@� $W nUVW� KH ZDV
GHWHUPLQHG WR NHHS LW SXUH� QR VXFK CXQULJRURXV
 FDOFXODWLRQ ZRXOG EH DOORZHG�
+RZHYHU� WKH IDFW ZDV WKDW KH ZDV QRW DEOH WR PDNH WKH SURJUDP VROYH DOO WKH
GHVLUHG H[DPSOHV ZLWKRXW LQWURGXFLQJ HLWKHU ORJLFDO FRQFHSWV DQG VWHSV QRW XVHG
LQ FDOFXOXV FODVVHV �VXFK DV TXDQWLnHU DOWHUQDWLRQV� RU CLOOHJDO
 XVHV RI LQnQLW\� +H
WKHUHIRUH IRUPXODWHG D FRQVLVWHQW VHW RI UXOHV IRU VXFK FDOFXODWLRQV� MXVWLnDEOH LQ
WHUPV RI WKH XVXDO HSVLORQ�GHOWD GHnQLWLRQV RI OLPLW� DQG SURFHHGHG WR ZULWH WKH
VRIWZDUH� &XULRXVO\� KH UHFHLYHG QR FRPSODLQWV DERXW WKHVH FDOFXODWLRQV IURP
FDOFXOXV VWXGHQWV RU WHDFKHUV� +RZHYHU� D IHZ ORJLFLDQV FRPSODLQHG� LQFOXGLQJ
WKH VHFRQG DXWKRU RI WKLV SDSHU� ZKR GHPDQGHG D ULJRURXV VHPDQWLFV�
7KH LVVXH JRHV EH\RQG ORJLFDO QLWSLFNLQJ� LQ WKDW LW DmHFWV WKH ZD\ PDWKH�

PDWLFV LV WDXJKW DQG XVHG� 0DWKHPDWLFLDQV WU\ WR DYRLG FDOFXODWLQJ ZLWK LQnQLW\�
EHFDXVH WKH\ WKLQN LW LV XQMXVWLnHG� :KHQ WKH\ FDQ
W JHW WKH DQVZHU DQ\ RWKHU
ZD\� WKRXJK� WKH\ GR FDOFXODWH ZLWK LQnQLW\� DQG WKH\ JHW FRUUHFW DQVZHUV� 7KH\
VKRZ WKHLU VWXGHQWV KRZ WR JHW WKH DQVZHUV WR OLPLW SUREOHPV WKLV ZD\ TXLFNO\�
RQ WKH EODFNERDUG� DQG WKHQ KRZ WR JHW WKH VDPH DQVZHU CFRUUHFWO\
� VRPH ORQJHU
DQG OHVV FRPSUHKHQVLEOH ZD\ WKDW ZLOO EH JLYHQ IXOO FUHGLW RQ DQ H[DPLQDWLRQ�
&RQVLGHU WKH IROORZLQJ FDOFXODWLRQ�
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:KLOH WKH DQVZHU LV FRUUHFW� PDQ\ FDOFXOXV LQVWUXFWRUV ZRXOG nQG WKLV VROXWLRQ
ZDQWLQJ� ,QGHHG� WKH\ ZRXOG REMHFW WR HDFK RI WKH nUVW WKUHH VWHSV� 7KH\ ZRXOG
SUHIHU WR VHH D FKDQJH RI OLPLW YDULDEOH WR X  � [� UHVXOWLQJ LQ D FDOFXODWLRQ OLNH
WKLV�
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7KH LVVXH KHUH LV QRW ZKHWKHU WKH VHFRQG FDOFXODWLRQ LV VKRUWHU� RU PRUH HOH�
JDQW� EXW ZKHWKHU WKH nUVW FDOFXODWLRQ LV FRUUHFW RU QRW� %XW WR VKRZ WKDW WKLV
LVVXH LV QRW LUUHOHYDQW� OHW XV JLYH DQ H[DPSOH ZKHUH WKH FDOFXODWLRQ LQYROYLQJ
PDQLSXODWLRQ RI LQnQLWLHV VHHPV KDUGHU WR HOLPLQDWH�
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-XVW WR EH H[SOLFLW� ZH JLYH WKH FDOFXOXV WHDFKHU
V UHDVRQV ZK\ WKLV FRPSXWDWLRQ
GRHV QRW JHW IXOO FUHGLW� $W OLQH �� WKH OLPLW FDQQRW EH SXVKHG LQWR WKH IUDFWLRQ
ZLWKRXW nUVW SURYLQJ WKDW WKH OLPLW LQ WKH GHQRPLQDWRU H[LVWV DQG LV QRQ]HUR�
$W WKH QH[W VWHS� WKH OLPLW FDQQRW EH SXVKHG LQWR WKH VXP ZLWKRXW nUVW SURYLQJ
WKDW WKH OLPLWV H[LVW� $W WKH QH[W VWHS� LW LV LOOHJDO WR FKDQJH OLP[�� � 
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[ VLQFH WKH ODWWHU OLPLW KDV QRW EHHQ VKRZQ WR EH �DQG LV QRW�

GLmHUHQW IURP ]HUR� �:H DUH RQO\ DOORZHG WR XVH WKH UXOH OLP�� X�  � OLPX LI
OLPX H[LVWV DQG LV QRQ]HUR�� )URP WKHVH LQDXVSLFLRXV EHJLQQLQJV� WKH FRPSX�
WDWLRQ GHJHQHUDWHV LQWR VKHHU QRQVHQVH� ZLWK PHDQLQJOHVV H[SUHVVLRQV OLNH

S
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DQG � �� 0LUDFXORXVO\� KRZHYHU� WKH ULJKW DQVZHU HPHUJHV� DQG WKDW PLJKW
HDUQ SDUWLDO FUHGLW LQ VRPH FDOFXOXV FODVVHV�
2I FRXUVH� WKLV OLPLW FDQ EH HYDOXDWHG ZLWKRXW FDOFXODWLQJ ZLWK LQnQLW\� ,Q�

GHHG� WKHUH DUH DW OHDVW WKUHH GLmHUHQW ZD\V WR GR WKDW� 2QH RI WKHP LQYROYHV
UHSODFLQJ WKH QXPHUDWRU DQG GHQRPLQDWRU ZLWK RWKHU H[SUHVVLRQV ZKLFK DUH UH�
VSHFWLYHO\ VPDOOHU DQG ODUJHU� IRU ODUJH [� WKDQ WKH RULJLQDO QXPHUDWRU DQG GH�
QRPLQDWRU� :H PXVW WKHQ SURYH OHPPDV HVWDEOLVKLQJ WKHVH ERXQGLQJ LQHTXDO�
LWLHV� %XW WKH TXHVWLRQ DULVHV� KRZ GLG ZH NQRZ WKDW ZH VKRXOG WU\ WR SURYH
WKH OLPLW LV� DQG QRW �" 4XLWH SUREDEO\� ZH PDGH D FDOFXODWLRQ OLNH WKH DERYH
nUVW� WR nQG RXW WKH DQVZHU� EHIRUH DWWHPSWLQJ D PRUH CULJRURXV
 SURRI� 7KH
VHFRQG ZD\ RI CULJRURXVO\
 HYDOXDWLQJ WKH OLPLW LV WR EUHDN WKH FDOFXODWLRQ LQWR D
QXPEHU RI VXEFDOFXODWLRQV� )RU H[DPSOH� ZH nUVW SURYH
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DQG WKHQ� XVLQJ WKH WKHRUHP WKDW WKH OLPLW RI � X�[� LV � LI WKH OLPLW RI X�[� LV
�� ZH FDQ FRQFOXGH WKDW

OLP
[��

�S
[
 �

3URFHHGLQJ LQ WKLV ZD\ IURP WKH HQG RI WKH FDOFXODWLRQ WR WKH EHJLQQLQJ� ZH
FDQ FRQVWUXFW D SURRI WKDW WKH DQVZHU LV ZKDW WKH FDOFXODWLRQ VD\V LW LV� %XW
RI FRXUVH� ZH nUVW PDNH WKH FDOFXODWLRQ� LQ RUGHU WR VHH ZKDW WKH VHTXHQFH RI
OHPPDV VKRXOG EH� 7KHUH LV DOVR D YHU\ FOHYHU WKLUG PHWKRG� SRLQWHG RXW E\
D FDOFXOXV WHDFKHU� ZKLFK EHJLQV E\ IDFWRULQJ [ LQWR
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[b ��� %XW WR nQLVK WKH FDOFXODWLRQ WKLV ZD\� ZH VWLOO QHHG WR

XVH�c�  �� 2I FRXUVH� ZH FDQ HOLPLQDWH WKDW LOOHJDO FDOFXODWLRQ E\ UHIHUHQFH
WR D WKHRUHP� WKDW LI X DQG Y ERWK DSSURDFK LQnQLW\ DV [ DSSURDFKHV LQnQLW\�
WKHQ VR GRHV XY� %XW DJDLQ� DW OHDVW PHQWDOO\� ZH PDNH WKH WDERR FDOFXODWLRQ
EHIRUH FRQVWUXFWLQJ DQ DFFHSWDEOH SURRI�
7KXV� DQ\ RI WKH NQRZQ PHWKRGV WR HYDOXDWH WKLV OLPLW UHTXLUHV XV WR WR nUVW

PDNH D WDERR FDOFXODWLRQ� :KDW DUH ZH WR WHOO WKH VWXGHQWV" &KHFN WKH VHFWLRQ
RQ /LPLWV DW ,QnQLW\ LQ WKH SRSXODU FDOFXOXV WH[WERRNV WR VHH KRZ WKLV PDWWHU
LV KDQGOHG� ,Q PRVW FDVHV WKH LVVXH LV GHOLFDWHO\ VNLUWHG E\ VLPSO\ QRW JLYLQJ LQ
WKH WH[W DQ\ H[DPSOHV RI ZRUNHG SUREOHPV RI WKH W\SH GLVFXVVHG DERYH� WKRXJK
SUREOHPV OLNH WKLV GR RFFXU LQ WKH H[HUFLVHV� :RUNHG H[DPSOHV DUH UHVWULFWHG WR
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TXRWLHQWV RI UDWLRQDO IXQFWLRQV� ,Q VRPH FDVHV� DQ H[DPSOH FRQWDLQLQJ D VTXDUH
URRW GRHV RFFXU� EXW WKH VWHSV LQYROYLQJ FDOFXODWLRQV ZLWK LQnQLW\ DUH FRQGHQVHG
LQWR RQH WRR�IDVW DQG XQMXVWLnHG VWHS� VR WKDW QR H[SOLFLW LQnQLWLHV DUH SULQWHG�
EXW WKH FDOFXODWLRQ LV QRW� VWULFWO\ VSHDNLQJ� MXVWLnHG�� 7KH WHDFKLQJ DVVLVWDQW
WKHQ VKRZV WKH VWXGHQWV WKH WDERR FDOFXODWLRQV� RQ WKH EODFNERDUG ZKHUH QR
WH[WERRN UHYLHZHUV FDQ FULWLFL]H WKH ODFN RI ULJRU� 2XU SXUSRVH LQ WKLV SDSHU LV
WR OHJLWLPL]H WKLV NLQG RI FRPSXWDWLRQ� 3HUKDSV WKH QH[W JHQHUDWLRQ RI FDOFXOXV
ERRNV ZLOO EH IUHHG IURP WKH WDERR�
7KHUH LV� RI FRXUVH� D ORQJ KLVWRU\ RI HmRUWV WR MXVWLI\ DQG H[SODLQ OLPLW FDO�

FXODWLRQV ZKLFK FRXOG EH PDGH FRUUHFWO\ E\ SUDFWLFLQJ PDWKHPDWLFLDQV� :DOWHU
)HOVFKHU KDV GRQH D WKRURXJK MRE RI H[SODLQLQJ WKH RULJLQV RI WKH HSVLORQ�GHOWD
GHnQLWLRQ LQ KLV KLVWRULFDO SDSHU >�@� :KLOH HSVLORQ DQG GHOWD H[SODLQ WKH PHDQ�
LQJ RI WKH FRQFHSW RI OLPLWV� QRW HYHU\ FDOFXODWLRQ LQYROYLQJ LQnQLW\ LV H[SODLQHG
WKHUHE\� :H VKRZ LQ WKLV SDSHU WKDW FHUWDLQ FDOFXODWLRQ VWHSV LQYROYLQJ LQnQLW\
ZLOO OHDG WR FRUUHFW DQVZHUV LQ WKH HSVLORQ�GHOWD VHQVH�

� 7RZDUGV D VHPDQWLFV RI LQnQLW\

7KH PDLQ LGHD RI WKLV SDSHU LV WR XVH nOWHUV WR H[SODLQ LQnQLWH OLPLWV DQG OLPLWV
DW LQnQLW\� 2XU LQWHQWLRQ LV WKDW WKH SDSHU VKRXOG UHTXLUH QR PDWKHPDWLFDO
EDFNJURXQG RWKHU WKDQ IUHVKPDQ FDOFXOXV� 7KLV DLP FRQoLFWV ZLWK RXU GHVLUH WR
SUHVHQW WKLV WKHRU\ LQ LWV PRVW JHQHUDO VHWWLQJ� ZKLFK LQYROYHV WKH FRQFHSW RI D
WRSRORJLFDO VSDFH� 7KH UHDGHU ZKR GRHV QRW NQRZ ZKDW D WRSRORJLFDO VSDFH LV
VKRXOG LJQRUH WKH UHODWLYHO\ IHZ UHIHUHQFHV WR WKH FRQFHSW EHORZ� DQG MXVW WKLQN
RI WKH VHW 5 RI UHDO QXPEHUV� $OVR� IRU WKH EHQHnW RI VXFK UHDGHUV� ZH GHnQH D
VHW RI UHDOV % WR EH RSHQ LI ZKHQHYHU [ � %� WKHQ WKHUH LV DQ LQWHUYDO �D� E� ZLWK
D � [ � E DQG �D� E� | %� 1RWH WKDW DQ LQWHUYDO �X� Y� �ZKLFK \RX PD\ KDYH
OHDUQHG WR FDOO DQ CRSHQ LQWHUYDO
� LV DQ RSHQ VHW� EXW >X� Y@ LV QRW�

:H ZLOO XVH nOWHUV DV D NH\ FRQFHSW LQ RXU WKHRU\ RI OLPLWV� 7KLV FRQFHSW
ZLOO EH GHnQHG EHORZ� ,W LV QRW QHZ ZLWK XV� EXW KDV D ORQJ KLVWRU\� RULJLQDWLQJ
LQ WRSRORJ\� DQG PRUH UHFHQWO\ LW KDV nJXUHG LQ ORJLF DQG FRPSXWHU VFLHQFH�
6SHFLnFDOO\� nOWHUV ZHUH LQWURGXFHG E\ &DUWDQ LQ WRSRORJ\ �VHH >�@� S� �� DQG VLQFH
WKH WLPH RI %RXUEDNL KDYH EHHQ XVHG WR GHnQH DFFXPXODWLRQ SRLQWV DQG OLPLWV
LQ VSDFHV ZKLFK DUH QRW nUVW FRXQWDEOH �VR VHTXHQFHV PD\ QRW EH DGHTXDWH�� 6HH
IRU H[DPSOH >�@� S� ��� RU >�@� SS� �������� ,Q WKH WRSRORJLFDO WUDGLWLRQ� nOWHUV
DUH XVHG WR GHnQH FRQYHUJHQFH� EXW WKH YDOXH RI D OLPLW LV DOZD\V D SRLQW RI WKH
VSDFH� 2XU QHZ LGHD LV WR XVH nOWHUV IRU WKH YDOXHV RI OLPLWV DV ZHOO�

)LOWHUV KDYH EHHQ XVHG IRU GHFDGHV LQ WKHRUHWLFDO FRPSXWHU VFLHQFH WR GHnQH
WKH VHPDQWLFV RI SURJUDPPLQJ ODQJXDJHV� DQG WKH\ SOD\HG D UROH LQ WKH ORJLFDO
LQYHVWLJDWLRQV WKDW HVWDEOLVKHG WKH LQGHSHQGHQFH RI WKH D[LRP RI FKRLFH DQG WKH
FRQWLQXXP K\SRWKHVLV� 7KH WUDGLWLRQDO GHnQLWLRQ RI D nOWHU XVHG DOO VXEVHWV RI D
VSDFH� WKHVH ORJLFDO DQG VHPDQWLFDO XVHV OHG WR WKH FRQVLGHUDWLRQ RI nOWHUV XVLQJ

�:H RPLW VSHFLnF FLWDWLRQV KHUH� DV LW LV QRW RXU LQWHQWLRQ WR FULWLFL]H VSHFLnF DXWKRUV RU

SXEOLVKHUV IRU WKLV VLWXDWLRQ� 5DWKHU� LW LV RXU LQWHQWLRQ WR VXSSO\ LQ WKLV SDSHU WKH UHTXLUHG

PDWKHPDWLFDO UHPHG\�
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RQO\ RSHQ VHWV� RU VHWV VHOHFWHG IURP VRPH RWKHU %RROHDQ VXEDOJHEUD RI WKH SRZHU
VHW RI WKH VSDFH� ,Q WKLV SDSHU� ZH XVH RSHQ VHWV�

'HnQLWLRQ� $ nOWHU RQ D WRSRORJLFDO VSDFH ; LV D FROOHFWLRQ ) RI RSHQ
VXEVHWV RI ; VXFK WKDW
�L� $ � ) DQG $ | % DQG % LV RSHQ LPSOLHV % � ) �
�LL� ) LV FORVHG XQGHU nQLWH LQWHUVHFWLRQ�
7KLV DOORZV WKH HPSW\ VHW DQG VHW RI DOO RSHQ VXEVHWV RI ; WR EH nOWHUV� 7KLV

LV GLmHUHQW IURP WKH GHnQLWLRQV LQ ERWK >�@ DQG >�@� :H IHHO IUHH WR FDOO ERWK RI
WKHVH nOWHUV� QRWLQJ WKDW IRU H[DPSOH >�@ DOORZV WKH VHW RI DOO VXEVHWV� EXW QRW
WKH HPSW\ VHW� ZKLOH >�@ DOORZV WKH HPSW\ VHW EXW QRW WKH VHW RI DOO VXEVHWV� ,Q
DOORZLQJ ERWK� WKHQ� ZH DUH QRW o\LQJ LQ WKH IDFH RI ZHOO�HVWDEOLVKHG WHUPLQRORJ\�
,I ) LV D FROOHFWLRQ RI RSHQ VXEVHWV RI;� WKH nOWHU JHQHUDWHG E\ ) LV GHnQHG WR

EH WKH LQWHUVHFWLRQ RI DOO nOWHUV FRQWDLQLQJ ) � 7KLV FRQFHSW DOVR KDV D GHnQLWLRQ
CIURP EHORZ
 ZKLFK ZLOO EH JLYHQ LQ WKH QH[W VHFWLRQ� ZKLFK DSSOLHV HYHQ ZKHQ
WKH VHWV LQ ) DUH QRW QHFHVVDULO\ RSHQ�
)RU DSSOLFDWLRQV WR nUVW�\HDU FDOFXOXV� ZH ZLOO SULPDULO\ EH LQWHUHVWHG LQ WKH

FDVH ;  5� WKH WRSRORJLFDO VSDFH RI UHDO QXPEHUV ZLWK WKH XVXDO WRSRORJ\�
EXW ZH ZLOO DOVR FRQVLGHU PRUH JHQHUDO VSDFHV IRU VRPH VSHFLDO VLWXDWLRQV DQG
VRPH JHQHUDOL]DWLRQV� $OO WKH VSDFHV ZKLFK LQWHUHVW XV GR KDYH D QDWXUDO PHWULF�
KRZHYHU� VR IRU FRQYHQLHQFH ZH ZLOO DVVXPH WKURXJKRXW WKDW ; LV D PHWULF VSDFH�
)RU HDVH RI UHDGLQJ ZH ZLOO ZULWH M[bDM LQVWHDG RI |�[� D�� DOWKRXJK RXU GHnQLWLRQV
UHTXLUH RQO\ D PHWULF VSDFH RU OHVV� 7KH UHDGHU ZKR LV ERWKHUHG E\ WKLV DEXVH
RI ODQJXDJH PD\ VLPSO\ DVVXPH ; LV D QRUPHG OLQHDU VSDFH�
7KH SULQFLSDO nOWHU JHQHUDWHG E\ DQ HOHPHQW D RI ; LV GHnQHG WR EH WKH

FROOHFWLRQ RI DOO RSHQ VHWV % VXFK WKDW D � %� :H GHQRWH WKLV nOWHU E\ D�
7KH SXQFWXUHG nOWHU JHQHUDWHG E\ DQ HOHPHQW D RI ; LV GHQRWHG E\ >D@� DQG

GHnQHG WR EH WKH nOWHU JHQHUDWHG E\ DOO SXQFWXUHG QHLJKERUKRRGV RI WKH IRUP
I[ � ; � � � M[b DM � qJ� IRU VRPH q�
>8QGHnQHG@ LV WKH nOWHU FRQVLVWLQJ RI H[DFWO\ WKH RQH RSHQ VHW ;� WKH ZKROH

VSDFH�
6SHFLDOL]LQJ QRZ WR WKH FDVH ;  5� ZH ZLOO PDNH XVH RI WKH IROORZLQJ VSHFLDO

H[DPSOHV RI nOWHUV� ZKLFK JHW VSHFLDO QDPHV�

>D�@ LV WKH nOWHU JHQHUDWHG E\ LQWHUYDOV RI WKH IRUP �D� D� q� IRU q ! ��
>Db@ LV WKH nOWHU JHQHUDWHG E\ LQWHUYDOV RI WKH IRUP �Db q� D� IRU q ! ��
>�@ LV WKH nOWHU JHQHUDWHG E\ LQWHUYDOV RI WKH IRUP �F��� IRU F � 5�
>b�@ LV WKH nOWHU JHQHUDWHG E\ LQWHUYDOV RI WKH IRUP �b�� F� IRU F � 5�
>h�@ LV WKH nOWHU JHQHUDWHG E\ VHWV RI WKH IRUP �b��bF�> �F��� IRU F � 5�

7KLV LV WKH VDPH DV WKH nOWHU JHQHUDWHG E\ VHWV RI WKH IRUP �b�� D�> �E��� IRU
D� E ! ��

>D�E@ LV WKH nOWHU JHQHUDWHG E\ DOO RSHQ VHWV FRQWDLQLQJ WKH LQWHUYDO >D� E@�
7KH QDPH RI WKLV nOWHU FDQ EH UHDG DORXG DV 2VFLOODWLRQV>D� E@� 7KH EUDFNHWV KHUH
DUH VRPHZKDW DPELJXRXV� LQ WKDW WKH\ DUH DOUHDG\ SDUW RI WKH QRWDWLRQ IRU D
FORVHG LQWHUYDO� DQG ZH KDYH DOVR XVHG EUDFNHWV WR LQGLFDWH D nOWHU� DV LQ >�@�
,Q SULQW ZH XVH EROGIDFH WR LQGLFDWH WKDW D nOWHU LV LQWHQGHG� ,Q KDQGZULWLQJ�
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FRQWH[W ZLOO VXpFH� VLQFH \RX FDQQRW ZULWH DQ LQWHUYDO LQ WKH FRQWH[W ZKHUH D
nOWHU EHORQJV�

6LPLODUO\ ZH KDYH nOWHUV JHQHUDWHG E\ DOO RSHQ VHWV FRQWDLQLQJ DQ\ JLYHQ
LQWHUYDO� :H XVH EROGIDFH� FRPELQHG ZLWK WKH EUDFNHWV WKDW ZRXOG EH XVHG WR
LQGLFDWH WKH JHQHUDWLQJ LQWHUYDO� 7KXV ZH KDYH� IRU H[DPSOH�

�D�E�
�D�E@
>D�E�
>D���
�b��D@
�b���� LV WKH nOWHU FRQWDLQLQJ RQO\ 5� ZKLFK LV WKH VDPH DV >8QGHnQHG@�
>,PSURSHU@ LV WKH nOWHU FRQVLVWLQJ RI DOO RSHQ VHWV�
>'RPDLQ(UURU@ LV WKH HPSW\ nOWHU� FRQWDLQLQJ QR RSHQ VHW�

2XU LGHD LV WR XVH nOWHUV DV WKH SRVVLEOH YDOXHV RI OLPLW H[SUHVVLRQV� WKDW LV�
ZH ZDQW WR KDYH VRPHWKLQJ OLNH�
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7KH FDVH RI D nQLWH OLPLW LV DOVR FRYHUHG�
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:H FDQ VHH WKDW ZH DUH PDNLQJ SURJUHVV DOUHDG\� ZH FDQ PDNH GLVWLQFWLRQV WKDW

DUH IHOW WR EH LQWXLWLYHO\ FRUUHFW� VXFK DV WKH IROORZLQJ�
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ZKLOH WKH EHVW ZH FDQ VD\ IRU WKH WZR�VLGHG OLPLW LV

OLP
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7KLV GRHV FDSWXUH VRPHWKLQJ RI WKH DV\PSWRWLF EHKDYLRU RI WKH IXQFWLRQ� WKRXJK�
)RU H[DPSOH� WKH EHVW ZH FDQ VD\ RI D VRPHZKDW ZLOGHU IXQFWLRQ LV

OLP
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�� [� VLQ�� [�  �b����

�,Q WKHVH HTXDWLRQV� ZH KDYH nOWHUV RQ WKH ULJKW VLGH� EXW RQ WKH OHIW ZH KDYH RUGLQDU\

OLPLWV� 7KLV LV QRW RXU nQDO� ULJRURXV IRUP� ZKLFK ZLOO EH UHDFKHG LQ WKH QH[W VHFWLRQV� :H DUH

VLPSO\ LQGLFDWLQJ WKH GLUHFWLRQ RI RXU GHYHORSPHQW KHUH�

�



,W LV QRW HTXDO WR >h�@ VLQFH IRU VPDOO [� WKH YDOXHV RI WKH IXQFWLRQ GR QRW
FRQnQH WKHPVHOYHV WR DUELWUDU\ HOHPHQWV RI WKH nOWHU >h�@� %XW KHUH ZH EHJLQ

WR DQWLFLSDWH WKH GHnQLWLRQV LQ WKH QH[W VHFWLRQ� 2XU DLP LQ WKLV VHFWLRQ LV VLPSO\

WR GHYHORS WKH UHDGHU
V LQWXLWLRQ�

+HUH LV DQRWKHU GLVWLQFWLRQ ZH FDQ PDNH� LQ WKH FDVH RI D nQLWH OLPLW YDOXH

F� VKRXOG WKH nOWHU YDOXH EH WKH SXQFWXUHG nOWHU >F@ RU WKH SULQFLSDO nOWHU F"
,QGHHG� LW PLJKW EH D RQH�VLGHG nOWHU >F�@ RU >Fb@� 7R DVVHUW

OLP
[�D

I�[�  >F@

LV WR FODLP� LQ DGGLWLRQ WR WKH XVXDO PHDQLQJ RI WKH OLPLW� WKDW IRU VPDOO HQRXJK
SXQFWXUHG LQWHUYDOV DERXW D� I�[� GRHV QRW WDNH WKH YDOXH F� %XW IRU H[DPSOH
ZH FDQQRW DVVHUW

OLP
[��

[ VLQ�� [�  >�@

:H PXVW LQVWHDG EH FRQWHQW ZLWK

OLP
[��

[ VLQ�� [�  �

2Q WKH RWKHU KDQG ZH KDYH
OLP
[��

[�  
d
��

e

ZKLOH ZH RQO\ KDYH
OLP
[��

[�  >�@ �

3ULQFLSDO nOWHUV DOVR DULVH DV OLPLWV RI FRQVWDQW IXQFWLRQV�

OLP
[��

�  ��

:H ZRQ
W JHW WKH SXQFWXUHG nOWHU >�@� VLQFH WKH IXQFWLRQ YDOXHV GR QRW NHHS DZD\
IURP � RQ SXQFWXUHG QHLJKERUKRRGV RI ��
$ nQLWH OLPLW VWDWHPHQW WKDW I�[� � F DV [ � D FRXOG UHnQH� LQ RXU nOWHU

OLPLW WKHRU\� WR DQ\ RQH RI IRXU VWDWHPHQWV� ZKHUH WKH OLPLW YDOXH F LV UHSODFHG E\
F� >F@� >F�@� RU >Fb@� 7KHVH GLVWLQFWLRQV ZLOO EH TXLWH XVHIXO LQ OLPLW FDOFXODWLRQV�
DV ZLOO EH VKRZQ LQ H[DPSOHV ODWHU LQ WKH SDSHU�
+HUH LV D TXHVWLRQ HYHU\ FDOFXOXV LQVWUXFWRU KDV KHDUG IURP D VWXGHQW� LV LW

FRUUHFW WR VD\ LQnQLW\ LV XQGHnQHG" :KHQ WKH VWXGHQW ZULWHV

OLP
[��

� [�  XQGHnQHG

VKRXOG WKH LQVWUXFWRU PDUN WKLV ZURQJ RQ WKH JURXQGV WKDW WKH FRUUHFW DQVZHU
LV �" ,I VKH GRHV� WKH VWXGHQW LV FHUWDLQ WR DUJXH WKDW LQnQLW\ LV XQGHnQHG DQG
WKH DQVZHU VKRXOG EH DFFHSWHG� 1RW ZLVKLQJ WR EH SXVKHG LQWR DQ DUJXPHQW
RYHU WKDW VRPHZKDW KD]\ SRLQW� WKH LQVWUXFWRU ZLOO SUREDEO\ DFFHSW WKH DQVZHU�
2XU IRUPDOLVP FDVWV VRPH OLJKW RQ WKH TXHVWLRQ� ,QGHHG� WKH DQVZHU LV >�@� QRW
>8QGHnQHG@� +RZHYHU� ZH ZLOO IRUPXODWH D QRWLRQ RI CUHnQHPHQW
 IRU nOWHUV� DQG
LW ZLOO EH WUXH WKDW >�@ UHnQHV >8QGHnQHG@� 6R WKH KD]\ QRWLRQ WKDW ERWK DQVZHUV

�



DUH FRUUHFW� EXW WKDW � LV WKH EHWWHU DQVZHU EHFDXVH LW JLYHV PRUH LQIRUPDWLRQ�
ZLOO EH MXVWLnHG ZLWK IXOO ULJRU�
,Q DGGLWLRQ WR WKH LGHD RI XVLQJ nOWHUV DV WKH YDOXHV RI OLPLW H[SUHVVLRQV�

WKHUH LV D VHFRQG LQWHUHVWLQJ LGHD� LQ WKH SDSHU� ZH FDQ XVH nOWHUV QRW RQO\ DV
WKH YDOXHV RI OLPLWV� EXW DV WKH CSODFHV
 ZKLFK D OLPLW YDULDEOH CDSSURDFKHV
� 7KDW
LV� LQ WKH H[SUHVVLRQ

OLP
[�D

I�[��

ZH FDQ UHSODFH WKH UHDO QXPEHU D E\ D nOWHU 4� 7KH XVXDO OLPLW FRUUHVSRQGV WR
WKH FDVH 4  >D@� 7KH RQH�VLGHG OLPLW IURP WKH ULJKW FRUUHVSRQGV WR WKH FDVH
4  >D�@� 7KH RQH�VLGHG OLPLW IURP WKH OHIW FRUUHVSRQGV WR WKH FDVH 4  >Db@�
/LPLWV DW LQnQLW\ FRUUHVSRQG WR WKH nOWHUV >�@ DQG >b�@�
7KH nUVW VWHS LQ WKH GHYHORSPHQW RI RXU WKHRU\ ZLOO EH WR GHnQH WKH H[SUHV�

VLRQ
OLP
[�4

I�[�  )

ZKHUH 4 DQG ) DUH ERWK nOWHUV� 7KH nUVW WKHRUHPV ZLOO VKRZ WKDW WKH GHnQLWLRQ
FRUUHVSRQGV WR WKH HSVLORQ�GHOWD GHnQLWLRQV RI WKH XVXDO WZR�VLGHG DQG RQH�VLGHG
OLPLWV� LQ FDVH 4 LV RI WKH IRUPV >D@� >D�@� RU >Db@� DQG ) LV RI RQH RI WKH IRUPV D�
>�@� RU >b�@� 7KHVH GHnQLWLRQV DQG WKHRUHPV ZLOO EH JLYHQ LQ WKH QH[W VHFWLRQ�
+DYLQJ PDGH WKHVH GHnQLWLRQV DQG SURYHG WKHVH WKHRUHPV� ZKDW XVH DUH

WKH\" +HUH LV ZKHUH ZH FRPH WR WKH PDLQ SRLQW� :H FDQ DFWXDOO\ FDOFXODWH

ZLWK �V\PEROV IRU� nOWHUV� :H FDQ GHnQH DGGLWLRQ� PXOWLSOLFDWLRQ� VXEWUDFWLRQ�
GLYLVLRQ� H[SRQHQWLDWLRQ� DQG PRUH JHQHUDO IXQFWLRQV WR RSHUDWH RQ nOWHUV LQ ZD\V
WKDW QDWXUDOO\ H[WHQG WKH ZD\ WKH\ ZRUN RQ UHDO QXPEHUV� 7KHVH GHnQLWLRQV
DOORZ XV WR FDOFXODWH ZLWK V\PEROV IRU nOWHUV� DQG DOO WKHVH FDOFXODWLRQV UHIHU
WR SUHFLVHO\ GHnQHG REMHFWV DQG RSHUDWLRQV� ZLWK SURYDEO\ FRUUHFW UHVXOWV� ,I
VXFK D FDOFXODWLRQ UHVXOWV LQ WKH HYDOXDWLRQ RI D OLPLW H[SUHVVLRQ WR D IRUP QRW
LQYROYLQJ nOWHUV� WKDW UHVXOW LV DV FRUUHFW DV LI LW KDG EHHQ GHULYHG E\ DQ HSVLORQ�
GHOWD DUJXPHQW� %HVLGHV� WKHUH LV WKH SRVVLELOLW\ WKDW E\ WKH XVH RI nOWHUV� ZH
FDQ VWDWH D UHVXOW PRUH SUHFLVHO\ WKDQ ZRXOG KDYH EHHQ SRVVLEOH ZLWK WUDGLWLRQDO
V\PEROV RQO\� )RU H[DPSOH�

OLP
[��

�

� � VLQ�� [�
 

�

OLP[���� � VLQ�� [��

 
�

�� OLP
[�� VLQ�� [�

 
�

�� >b���@

 
�

>���@

 >� ���@

�7KLV LV QRW UHDOO\ D QHZ LGHD� VLQFH DV ZH KDYH GLVFXVVHG WKH FRQFHSW RI nOWHU LV RIWHQ XVHG

WR H[SODLQ OLPLWV LQ WRSRORJ\ WH[WERRNV� %XW WKH IRFXV WKHUH LV RQ JLYLQJ D GHnQLWLRQ WKDW

ZRUNV LQ VSDFHV WKDW PD\ QRW EH VHSDUDEOH� ZKLOH ZH IRFXV RQ WKH UHDOV DQG WKH FRQWH[W RI

IUHVKPDQ FDOFXOXV� 6R IDU DV ZH NQRZ� nOWHUV KDYH QRW EHHQ FRQVLGHUHG LQ WKLV FRQWH[W EHIRUH�

�



,VQ
W WKDW D QLFH DQVZHU" ,W FRQYH\V PXFK PRUH LQIRUPDWLRQ WKDQ WKH DQVZHU
WKDW ZRXOG EH H[SHFWHG RQ D FDOFXOXV H[DP WRGD\� WKH OLPLW LV XQGHnQHG�

� 'HnQLWLRQV

:H FROOHFW KHUH WKH EDVLF GHnQLWLRQV FRQFHUQLQJ nOWHUV� ZKLFK DUH UHTXLUHG WR
IRUPXODWH RXU QRWLRQ RI nOWHU OLPLW� 7KH SUHFLVH GHnQLWLRQ RI WKLV QRWLRQ LV WKH

DLP RI WKLV VHFWLRQ�

��� )LOWHUV

:H KDYH DOUHDG\ GHnQHG nOWHU LQ WKH SUHYLRXV VHFWLRQ� EXW ZH UHSHDW WKH GHnQL�
WLRQ KHUH XVLQJ PRUH V\PEROV� /HW 5 EH WKH VHW RI UHDO QXPEHUV� DQG 2�5� WKH
VHW RI RSHQ VXEVHWV RI 5� $ nOWHU LV D VHW $ t 2�5� WKDW VDWLVnHV�

q 8 � $ DQG 9 � 2�5� DQG 8 t 9 LPSOLHV 9 � $

q 8 � $ DQG 9 � $ LPSOLHV 8 ? 9 � $

,I ZH DOVR KDYH�

q � �� $

ZH FDOO WKH nOWHU SURSHU�
$ nOWHU $ LV FDOOHG ERXQGHG ZKHQ LW FRQWDLQV VRPH nQLWH LQWHUYDO�

�O� U� � $

ZLWK O � U� $ nOWHU $ LV FDOOHG SRVLWLYH ZKHQ LW FRQWDLQV WKH VHW RI WKH SRVLWLYH
UHDO QXPEHUV�

����� � $

��� 7KH nOWHU JHQHUDWHG E\ $

/HW $ EH D VHW RI �QRW QHFHVVDULO\ RSHQ� VXEVHWV RI 5 WKDW VDWLVnHV WKH IROORZLQJ
SURSHUW\�

8 � $ 	 9 � $ � �: � $ �: t 8 ? 9

ZKLFK LV LPSOLHG E\ WKH VLPSOHU SURSHUW\ RI EHLQJ FORVHG XQGHU nQLWH LQWHUVHF�
WLRQV�

8 � $ 	 9 � $ � 8 ? 9 � $

7KHQ WKH nOWHU ; �$�� ZKLFK LV FDOOHG WKH nOWHU JHQHUDWHG E\ $� LV GHnQHG WR EH�

; �$�  I8 � 2�5� M �9 � $ � 9 t 8J

7KH VHW $ LV FDOOHG LWV EDVLV� ,Q FDVH $ FRQWDLQV RQO\ RSHQ VHWV� ; �$� LV WKH
LQWHUVHFWLRQ RI DOO nOWHUV FRQWDLQLQJ DOO PHPEHUV RI $�

�



��� /LIWLQJ

:H ZDQW WR EH DEOH WR PDNH VHQVH RI H[SUHVVLRQV OLNH VLQ >��@� 7KLV VKRXOG EH
D nOWHU� LQ WKLV H[DPSOH ZH ZDQW WKH DQVZHU WR EH >��@� ,Q JHQHUDO ZH ZDQW WR
H[WHQG D UHDO�YDOXHG IXQFWLRQ I WR EH GHnQHG RQ D nOWHU $ DQG KDYH D nOWHU YDOXH
I�$�� 7KH nUVW DWWHPSW PLJKW EH

I�$�  II�8� � 8 � $J

EXW WKHUH DUH WKUHH SUREOHPV ZLWK WKLV� I PLJKW EH RQO\ SDUWLDO� I�8� PLJKW
QRW EH DQ RSHQ VHW� DQG WKH UHVXOW QHHGV WR EH D nOWHU� EXW ZLWK WKLV GHnQLWLRQ
PLJKW QRW EH� 7KH IROORZLQJ GHnQLWLRQ VROYHV WKHVH WKUHH SUREOHPV�
/HW I EH D �SRVVLEO\ SDUWLDO� IXQFWLRQ IURP 5 WR 5� WKHQ ZH GHnQH WKH OLIWLQJ

I � ZKLFK LV D IXQFWLRQ IURP WKH VHW RI nOWHUV WR WKH VHW RI nOWHUV� WR EH�

I�$�  ; �II>8 @ M 8 � $ 	 8 t GRP�I�J�

 I9 � 2�5� M �8 � $ � 8 t GRP�I� 	 I>8 @ t 9 J

)RU I IURP 5Q WR 5 WKLV GHnQLWLRQ JHQHUDOL]HV WR�

I�$�� � � � �$Q
�  

; �II>8� d c c c d 8Q@ M8� � $� 	 � � � 	 8Q � $Q 	 8� d c c c d8Q t GRP�I�J�

1RWH WKDW LI F LV D IXQFWLRQ RI ]HUR DUJXPHQWV� L�H� D FRQVWDQW� WKHQ WKH WZR
GHnQLWLRQV RI F FRLQFLGH�
$IWHU SURYLQJ WKH OHPPDV LQ WKH QH[W VHFWLRQ� ZH PD\ VXSSUHVV WKH RYHUOLQH

DQG MXVW ZULWH I�$� LQVWHDG RI I�$��
,W LV ZRUWK QRWLQJ WKDW DGGLWLRQ� VXEWUDFWLRQ� PXOWLSOLFDWLRQ� DQG GLYLVLRQ

DUH VSHFLDO FDVHV RI ELQDU\ I � +HQFH WKHLU OLIWLQJV WR nOWHUV DUH GHnQHG� :H VKDOO
RPLW WKH RYHUOLQH� ZULWLQJ $�% LQVWHDG RI ��$�%� RU $�%�

��� )LOWHU /LPLWV

:H GHnQH D OLPLW WR D nOWHU $� RU nOWHU OLPLW� E\

/LP
[�$

I�[�  I�$�

1RWH WKDW WKLV LV D GHnQLWLRQ� VR LW DOVR KROGV IRU QRQ�FRQWLQXRXV I�
:H VKDOO VKRZ LQ WKH QH[W VHFWLRQ WKDW WKLV GHnQLWLRQ GRHV LQGHHG JHQHUDOL]H

WKH XVXDO GHnQLWLRQ� ,Q SDUWLFXODU� ZH H[SHFW WR JHW WKH XVXDO QRWLRQ RI OLPLW
ZKHQ $  >D@ DQG I�$�  >F@� ZKHUH F LV WKH YDOXH RI WKH OLPLW� 2QH�VLGHG OLPLWV
ZLOO DULVH IURP $  >D�@ RU $  >Db@� /LPLWV DW LQnQLW\ DULVH ZKHQ $  >�@ RU
$  >b�@� ,QnQLWH OLPLWV DULVH ZKHQ WKH nOWHU I�$� LV >�@ RU >b�@� %XW ZH
FDQ DOVR nQG nOWHU YDOXHV IRU PDQ\ OLPLWV DERXW ZKLFK� LQ WKH XVXDO QRWDWLRQ�
ZH FDQ RQO\ VD\ WKDW WKH\ DUH XQGHnQHG� )RU H[DPSOH� OLP[�� � [  >h�@�
1RWH WKDW WKH DOWHUQDWLQJ TXDQWLnHUV �q�p GR QRW DSSHDU LQ WKH GHnQLWLRQ RI

nOWHU OLPLW� :KHUH GLG WKH\ JR" :H FDQQRW H[SHFW WR HOLPLQDWH WKLV HVVHQWLDO

��



IHDWXUH RI OLPLWV� 7KH DQVZHU LV� WKH\ KDYH EHHQ KLGGHQ LQ WKH GHnQLWLRQ RI
OLIWLQJ� )RU VLPSOLFLW\� VXSSRVH WKDW I LV HYHU\ZKHUH GHnQHG� DQG FRQVLGHU WKH
VWDWHPHQW

/LP
[�$

I�[�  %

IRU H[DPSOH� 7KDW PHDQV� DFFRUGLQJ WR WKH GHnQLWLRQ DERYH�

I�$�  %

7KDW PHDQV� IRU HYHU\ 9 � %� WKHUH LV D 8 LQ $ VXFK WKDW I�8� t 9 � :H VHH
WKDW 9 FRUUHVSRQGV WR q DQG 8 FRUUHVSRQGV WR p�

1RWDWLRQ� $FFRUGLQJ WR WKH DERYH ZH FDQ ZULWH

/LP
[�>�@

I�[�

,Q WKLV QRWDWLRQ WKHUH DUH WZR LQGLFDWLRQV WKDW D nOWHU OLPLW LV LQWHQGHG� WKH XVH
RI /LP LQVWHDG RI OLP� DQG WKH XVH RI >�@ LQVWHDG RI MXVW �� ,W LV QRW QHFHVVDU\
WR KDYH ERWK� ZH PD\ IRU FRQYHQLHQFH GURS RQH RU WKH RWKHU DQG ZULWH

/LP
[��

I�[�

RU HYHQ
OLP

[�>�@
I�[��

7KHUH LV RQO\ RQH SRVVLEOH ZD\ WR PDNH VHQVH RI WKH H[SUHVVLRQ� WKLV LV D nOWHU
OLPLW� ,I SHRSOH VKRXOG GURS ERWK DQG LQWHUSUHW

OLP
[��

I�[�

DV D nOWHU OLPLW� ZH DUH QRW UHVSRQVLEOH�

��� 5HnQHPHQW

7KHUH LV RQH PRUH IXQGDPHQWDO QRWLRQ� QRW UHTXLUHG IRU WKH GHnQLWLRQ RI nOWHU
OLPLWV� EXW UHTXLUHG IRU VWDWLQJ WKH FRQQHFWLRQ EHWZHHQ nOWHU OLPLWV DQG RUGLQDU\
OLPLWV� 1DPHO\� D nOWHU $ FDQ UHnQH D nOWHU %� QRWDWLRQ $ Y %�� 7KLV QRWLRQ LV
GHnQHG E\�

$ Y % � $ u %

�1RWH WKDW�
>,PSURSHU@ Y $ Y >8QGHnQHG@ Y >'RPDLQ(UURU@

IRU DOO SURSHU QRQ�HPSW\ nOWHUV $�� ,QWXLWLYHO\� $ UHnQHV % LI $ JLYHV PRUH
LQIRUPDWLRQ WKDQ %� )RU H[DPSOH� >�@ UHnQHV >h�@� DQG >��@ UHnQHV >�@�

�,I RQH ZDQWV WR W\SH WKLV V\PERO LQ RUGLQDU\ WH[W� RQH FDQ XVH WKH DSSUR[LPDWH IRUP > �

DQDORJRXV WR XVLQJ � IRU ��

��



� )LOWHU OLPLWV DQG RUGLQDU\ OLPLWV

:H VKDOO VWDWH D QXPEHU RI VLPSOH OHPPDV FRQFHUQLQJ nOWHU OLPLWV� DQG WKHQ

VWDWH DQG SURYH WKUHH WKHRUHPV FRQQHFWLQJ RUGLQDU\ OLPLWV WR WKHLU nOWHU�OLPLW

YHUVLRQV� $IWHU WKDW� ZH FRQWLQXH WR SURYH VLPSOH OHPPDV OHDGLQJ WR FDOFXODWLRQ

UXOHV IRU nOWHU OLPLWV� $OO WKHVH WKHRUHPV DQG OHPPDV DUH QHDUO\ LPPHGLDWH

FRQVHTXHQFHV RI WKH GHnQLWLRQV� :H JLYH WKH GHWDLOV LQ WKLV VHFWLRQ� WR FKHFN

WKDW LQGHHG WKH GHnQLWLRQV KDYH EHHQ FRUUHFWO\ JLYHQ� ,Q D ODWHU VHFWLRQ ZH

VKDOO VWDWH PDQ\ PRUH FRPSXWDWLRQ UXOHV ZLWKRXW SURRI� WKH SURRIV FDQ EH JLYHQ

IROORZLQJ WKH H[DPSOH SURRIV LQ WKLV VHFWLRQ�

/HPPD � 2QH�VLGHG nOWHUV UHnQH SULQFLSDO nOWHUV� >D�@ Y >D@ Y D�

3URRI ,I 8 � >D@� IRU VRPH q ZH KDYH WKDW �D b q� D� > �D� D � q� t 8 � ZKLFK
LPSOLHV WKDW �D� D � q� t 8 � VR 8 � >D�@� +HQFH >D@ t >D�@� ZKLFK PHDQV WKDW
>D�@ Y >D@� 7KH RWKHU UHnQHPHQW LV SURYHG VLPLODUO\� XW

/HPPD � /LPLWV RI FRQVWDQWV DUH SULQFLSDO� OHW $ EH SURSHU DQG QRQHPSW\�

7KHQ /LP[�$ E  E�

5HPDUN� 7KH FRQGLWLRQ LV QHFHVVDU\� LI $ LV HLWKHU >,PSURSHU@ RU >'RPDLQ(UURU@�
ZH KDYH /LP[�$ E  $�

3URRI /HW E�[� EH WKH FRQVWDQW IXQFWLRQ RQ 5 WKDW WDNHV WKH YDOXH E HYHU\�
ZKHUH �VR GRP�E�  5�� :ULWLQJ RXW WKH GHnQLWLRQV� ZH JHW� /LP[�$ E  
/LP[�$ E�[�  E�$�  I9 � 2�5� M�8 � $ � 8 t GRP�E� 	 E>8 @ t 9 J  I9 �
2�5� M �8 � $ � IEJ t 9 J  I9 � 2�5� M IEJ t 9 J  ; �IEJ�  E� XW

/HPPD � /LPLWV RI WKH LGHQWLW\ IXQFWLRQ� /LP[�$ [  $�

3URRI /HW L�[� EH WKH LGHQWLW\ IXQFWLRQ RQ 5 �VR GRP�L�  5�� :ULWLQJ RXW
WKH GHnQLWLRQV� ZH JHW� /LP[�$ [  /LP[�$ L�[�  L�$�  I9 � 2�5� M �8 �
$ � 8 t GRP�L� 	 L>8 @ t 9 J  I9 � 2�5� M �8 � $ � 8 t 9 J  $� 7KH ODVW
HTXDOLW\ IROORZV EHFDXVH nOWHUV DUH FORVHG XQGHU WDNLQJ VXSHUVHWV� XW

/HPPD � /LIWLQJ RI FRPSRVLWLRQV� ,I I LV FRQWLQXRXV RQ LWV GRPDLQ DQG WKDW

GRPDLQ LV RSHQ� WKHQ�

I p J  I p J

3URRI :H PXVW SURYH WKDW IRU DQ\ nOWHU $ ZH KDYH WKDW I p J�$�  I�J�$���
I p J�$� Y I�J�$�� DOUHDG\ IROORZV ZLWKRXW DQ\ FRQGLWLRQV RQ I � VXSSRVH : �
I�J�$�� WKHQ WKHUH LV VRPH 9 � J�$� ZLWK 9 t GRP�I� DQG I >9 @ t : � 1RZ
EHFDXVH 9 � J�$�� WKHUH LV VRPH 8 � $ ZLWK 8 t GRP�J� DQG J>8@ t 9 �
7RJHWKHU WKLV LPSOLHV WKDW 8 t GRP�I p J� DQG I>J>8 @@ t I >9 @ t : � VR : �
I p J�$��
7R SURYH WKDW I p J�$� Z I�J�$��� VXSSRVH WKDW : � I p J�$�� 7KHQ WKHUH

LV D 8 � $ ZLWK 8 t GRP�I p J� DQG I >J>8@@ t : � 'HnQH 9  J>8 @� WKHQ
9 t GRP�I� DQG I >9 @ t : �KRZHYHU� 9 GRHVQ
W QHHG WR EH RSHQ�� &RQVLGHU

��



9 �  Ib�>: @� WKHQ 9 � u 9 DQG EHFDXVH RI WKH UHTXLUHPHQWV 9 � LV RSHQ� 1RZ
8 t GRP�I� DQG J>8 @ t 9 t 9 � VR 9 � � J�$�� )XUWKHUPRUH E\ GHnQLWLRQ
9 � t GRP�J� DQG I >9 �@ t: � VR : � I�J�$��� XW

/HPPD � /LPLWV RI FRPSRVLWLRQV� ,I

q I LV FRQWLQXRXV RQ LWV GRPDLQ DQG WKDW GRPDLQ LV RSHQ� RU

q I LV FRQWLQXRXV RQ VRPH ; � /LP[�$ J�[�

WKHQ�

/LP
[�$

I�J�[��  I�/LP
[�$

J�[��

5HPDUN� &RPSDUH WKLV OHPPD ZLWK WKH QH[W RQH� ZKHUH QR FRQGLWLRQV DUH
QHHGHG� 6RPH FRQGLWLRQV DUH QHHGHG LQ WKLV OHPPD� DV WKH IROORZLQJ H[DPSOH
VKRZV� 7DNH J�[�  [�� DQG I�[�  

S
[� 7KHQ WKH FRPSRVLWLRQ I�J�[��  

M[M� 7KXV WKH OHIW VLGH /LP
[��

I�J�[��  �� EXW WKH ULJKW VLGH HYDOXDWHV WR
>'RPDLQ(UURU@� EHFDXVH /LP

[��
J�[�  �� QRW >��@ DV RQH ZRXOG KDYH LQ FDVH

>��@ ZHUH XQGHU WKH OLPLW VLJQ LQ SODFH RI ��

3URRI %\ ZULWLQJ RXW WKH GHnQLWLRQ RI /LP� ZH QHHG WR SURYH� I p J�$�  
I�J�$�� ZKLFK LV MXVW WKH SUHYLRXV OHPPD� 6R LI WKH nUVW YDULDQW RI WKH FRQGL�
WLRQ KROGV ZH DUH nQLVKHG� DQG ZLWK WKH VHFRQG YDULDQW RI WKH FRQGLWLRQ RQO\
I p J�$� Z I�J�$�� UHPDLQV WR EH SURYHG�
6R VXSSRVH WKDW IRU VRPH ; � J�$� ZH KDYH WKDW I LV FRQWLQXRXV RQ ;�

DQG OHW EH JLYHQ D : � I p J�$�� 7KHQ �OLNH EHIRUH� ZH KDYH D 8 � $ ZLWK
8 t GRP�I p J� DQG I >J>8@@ t : � %HFDXVH ; � J�$� ZH DOVR KDYH D 8 � � $

ZLWK 8 � t GRP�J� DQG J>8 �@ t ;� ,I ZH WDNH 8 �  8 ? 8 �� WKHQ 8 � � $�
8 � t GRP�I p J� t GRP�J�� I >J>8 �@@ t : DQG J>8 �@ t ;� 1RZ GHnQH 9  
I[ � ; M I�[� � :J� 7KHQ EHFDXVH ; LV RSHQ �EHLQJ DQ HOHPHQW RI WKH nOWHU
J�$�� DQG EHFDXVH RI WKH FRQWLQXLW\ RI I RQ ; ZH nQG WKDW 9 LV RSHQ� $OVR ZH
KDYH J>8 �@ t 9 IURP ZKLFK ZH nQG WKDW 9 � J�$�� )LQDOO\ 9 t GRP�I� DQG
I >9 @ t: � VR ZH JHW WKDW : � I�J�$��� XW

/HPPD � /LPLWV RI FRPSRVLWLRQV RI IXQFWLRQV RI VHYHUDO YDULDEOHV�

/LP
[�$

I�J��[�� � � � � JQ�[�� Y I�/LP
[�$

J��[�� � � � � /LP
[�$

JQ�[���

5HPDUN� :H GR QRW LQ JHQHUDO KDYH HTXDOLW\ LQVWHDG RI UHnQHPHQW� LQ FRQWUDVW
WR WKH RQH�YDULDEOH VLWXDWLRQ WUHDWHG LQ WKH SUHYLRXV OHPPD� )RU H[DPSOH�

/LP
[�>�@

�[b [�  /LP
[�>�@

�  �

ZKLOH�
� /LP
[�>�@

[� b � /LP
[�>�@

[�  >�@b >�@  >8QGHnQHG@

7KLV LV FRQVLVWHQW ZLWK WKH OHPPD� EHFDXVH � Y >8QGHnQHG@�
,W LV TXLWH KDUG LQ JHQHUDO WR VD\ VRPHWKLQJ DERXW WKH OHIW KDQG VLGH� )RU

LQVWDQFH ZKHQ FRQVLGHULQJ I�[�� [��  [� [� WKHQ LQ DOO WKUHH RI WKH FDVHV�

��



q J��[�  [� J��[�  [

q J��[�  �[b �� J��[�  [

q J��[�  
�

�b[ � J��[�  [

ZH KDYH /LP
[�>�@ J��[�  /LP[�>�@ J��[�  >�@� EXW /LP[�>�@ I�J��[�� J��[�� LV

UHVSHFWLYHO\ �� >�@ DQG >��@�� /HPPD �� EHORZ SUHVHQWV D UHVXOW LQ WKH VSHFLDO
FDVH RI � J�[��

3URRI 'HnQH K�[�  I�J��[�� � � � � JQ�[��� 6XSSRVH : � I�J��$�� � � � � JQ�$���
7KDW PHDQV WKDW WKHUH DUH 9L � JL�$� ZLWK 9� d c c c d 9Q t GRP�I� DQG I >9� d
c c c d 9Q@ t : � 7KLV LPSOLHV WKDW WKHUH DUH 8L � $ ZLWK 8L t GRP�JL� DQG
JL>8L@ t 9L� 1RZ GHnQH 8  8� ? c c c ? 8Q� WKHQ 8 � $� 8 t GRP�JL� DQG
JL>8@ t 9L� 7KLV WKHQ LPSOLHV WKDW 8 t GRP�K� DQG K>8 @ t : � 7KHUHIRUH
: � K�$��
7KLV SURYHV WKDW K�$� Y I�J��$�� � � � � JQ�$��� ZKLFK DPRXQWV WR WKH UHTXLUHG

VWDWHPHQW� XW

/HPPD � )XQFWLRQ DSSOLFDWLRQ DQG UHnQHPHQW�

$� Y %� 	 � � � 	 $Q Y %Q � I�$�� � � � �$Q� Y I�%�� � � � � %Q��

3URRI /HW 9 EH JLYHQ ZLWK 9 � I�%�� � � � � %Q�� 7KHQ WKHUH DUH 8L � %L ZLWK
8� d c c c d 8Q t GRP�I� DQG I>8� d c c c d 8Q@ t : � %HFDXVH $L Y %L� DOVR
8L � $L� ZKLFK LPSOLHV WKDW DOVR 9 � I�$�� � � � � $Q�� XW

/HPPD � /LIWLQJ DQG FRQWLQXLW\�

I FRQWLQXRXV LQ �D�� � � � � DQ� � I�D�� � � � � DQ�  I�D�� � � � � DQ��

5HPDUN� 7KLV OHPPD LV XVHIXO WR JLYH DFWXDO HTXDOLW\ LQVWHDG RI PHUHO\ UHnQH�
PHQW DV LQ /HPPD ��

3URRI ��� Y� ,I 9 � I�D� � � � � DQ�� WKLV PHDQV WKDW 9 LV D QHLJKERUKRRG RI
I�D�� � � � � DQ�� %HFDXVH I LV FRQWLQXRXV LQ �D�� � � � � DQ�� WKHUH DUH QHLJKERUKRRGV
8L RI DL �VR 8L � DL� ZLWK 8� d c c c d 8Q t GRP�I� DQG I >8� d c c c d 8Q@ t 9 �
7KLV PHDQV WKDW 9 � I�D�� � � � � DQ��

��� Z� ,I 9 � I�D�� � � � � DQ�� WKHQ WKHUH DUH 8L � DL �VR DL � 8L� ZLWK 8�dc c cd

8Q t GRP�I� DQG I >8� d c c c d 8Q@ t 9 � 7KLV LPSOLHV WKDW I�D�� � � � � DQ� � 9 �
)XUWKHUPRUH 9 LV RSHQ �EHFDXVH I�D�� � � � � DQ� LV D nOWHU�� DQG WKHUHIRUH 9 �

I�D� � � � � DQ��

��� /HW 9 EH VRPH QHLJKERUKRRG RI I�D�� � � � � DQ�� ZH KDYH WR SURYH WKDW WKHUH
DUH 8L ZKLFK DUH QHLJKERUKRRGV RI DL VXFK WKDW 8�dc c cd8Q t GRP�I� DQG I >8�d

c c c d8Q@ t 9 � 1RZ E\ GHnQLWLRQ 9 � I�D� � � � � DQ� DQG EHFDXVH I�D� � � � � DQ�  
I�D�� � � � � DQ� ZH KDYH WKDW DOVR 9 � I�D�� � � � � DQ�� ZKLFK JLYHV XV 8L � DL �ZKLFK
DUH E\ GHnQLWLRQ QHLJKERUKRRGV RI WKH DL� ZLWK 8� d c c c d 8Q t GRP�I� DQG
I >8� d c c c d 8Q@ t 9 � XW

��



7KHRUHP � )LOWHU OLPLWV JHQHUDOL]H WKH XVXDO GHnQLWLRQ RI OLPLWV�

OLP
[�D

I�[�  E � /LP
[�>D@

I�[� Y E�

OLP
[�>D�@

I�[�  E � /LP
[�>D�@

I�[� Y E�

OLP
[��

I�[�  E � /LP
[�>�@

I�[� Y E�

3URRI :H SURYH WKH nUVW HTXLYDOHQFH LQ GHWDLO� 7KH RWKHU WZR DUH SURYHG
VLPLODUO\�

��� /HW EH JLYHQ WKDW OLP[�D I�[�  E� ZH KDYH WR VKRZ WKDW I�>D@� Y E� 6R
VXSSRVH WKDW 9 � E� ZKLFK PHDQV WKDW IRU VRPH q ! � ZH KDYH WKDW �Ebq� E�q� t
9 � %HFDXVH RI WKH OLPLW� WKHUH LV D p ! � VXFK WKDW IRU DOO [ � �Dbp� D�>�D� D�p�
�FDOO WKLV VHW 8� ZH KDYH WKDW I�[� LV GHnQHG DQG I�[� � �E b q� E � q�� RU� LQ
RWKHU ZRUGV� 8 t GRP�I� DQG I>8 @ t �Eb q� E� q�� &OHDUO\ 8 VDWVLnHV 8 � >D@
DQG I >8 @ t 9 � DQG WKHUHIRUH 9 � I�>D@��

��� 1RZ DVVXPH WKDW I�>D@� Y E� )RU D JLYHQ q ! �� OHW 9  �Eb q� E� q�� 7KHQ
9 � E� VR 9 � I�>D@�� DQG WKHUHIRUH WKHUH LV VRPH 8 � >D@ ZLWK 8 t GRP�I� DQG
I >8 @ t 9 � %HFDXVH 8 � >D@� IRU VRPH p ! � ZH KDYH WKDW �Dbp� D�>�D� D�p� t 8 �
1RZ WKLV LPSOLHV WKDW LI [ � �D b p� D� > �D� D � p� WKHQ I�[� LV GHnQHG DQG
I�[� � �Eb q� E� q�� %HFDXVH IRU HDFK q ! � WKHUH LV D p ! � ZLWK WKLV SURSHUW\�
OLP

[�D
I�[�  E� XW

:H QRZ WXUQ WR HVWDEOLVKLQJ WKH nUVW RI PDQ\ FRPSXWDWLRQ UXOHV DERXW nOWHU
OLPLWV� QDPHO\ WKDW D >�@  >��@�

/HPPD � D LV ERXQGHG�

3URRI )RU DUELWUDU\ q ! �� ZH KDYH �D b q� D � q� � D� 7KLV VKRZV WKDW D LV
ERXQGHG ZLWK O  Db q DQG U  D� q� XW

/HPPD �� D ! � � D SRVLWLYH�

3URRI ����� � D EHFDXVH ����D� t ����� DQG ��� �D�  �Dbq� D�q� IRU q  D�
XW

/HPPD �� $ Y % DQG % ERXQGHG � $ ERXQGHG�

3URRI :KHQ �O� U� � % WKHQ IURP $ Y % LW IROORZV WKDW DOVR �O� U� � $� XW

/HPPD �� $ Y % DQG % SRVLWLYH � $ SRVLWLYH�

3URRI :KHQ ����� � % WKHQ IURP $ Y % LW IROORZV WKDW DOVR ����� � $� XW

/HPPD �� $ SURSHU DQG ERXQGHG DQG SRVLWLYH � $ >�@  >��@� ,Q SDUWLFXODU

D >�@  >��@�

��



3URRI *LYHQ D SURSHU� ERXQGHG� SRVLWLYH $� ZH PXVW VKRZ WKDW $ >�@  >��@�
%HFDXVH $ LV ERXQGHG DQG SRVLWLYH� IRU VRPH U ! � ZH KDYH WKDW ��� U� � $� %\
/HPPDV � DQG ��� D VDWLVnHV WKH K\SRWKHVHV RI EHLQJ ERXQGHG DQG SRVLWLYH�

�Y� 6XSSRVH 9 � >��@� 7KHQ WKHUH LV DQ q ! � ZLWK ��� q� t 9 � 'HnQH 8�  ��� U�
DQG 8�  �U q���� WKHQ 8� � $ DQG 8� � >�@� )XUWKHUPRUH IRU � � [� � U
DQG [� ! U q ZH KDYH WKDW � � [� [� � q� VR I[� [� M[� � 8� 	 [� � 8�J t 9 �
)URP WKLV LW IROORZV WKDW 9 � $ >�@�

�Z� 6XSSRVH 9 � $ >�@� WKHQ WKHUH DUH 8� � $ DQG 8� � >�@ ZLWK � �� 8�
DQG I[� [� M [� � 8� 	 [� � 8�J t 9 � %HFDXVH $ LV SURSHU WKHUH LV DQ [ ZLWK
� � [ � U DQG [ � 8�� $OVR� EHFDXVH 8� � >�@ WKHUH LV DQ � ZLWK ����� t 8��
7RJHWKHU WKLV LPSOLHV WKDW ��� [ �� t 9 � DQG WKHUHIRUH WKDW 9 � >��@� XW

/HPPD �� /HW I EH FRQWLQXRXV DW D DQG VWULFWO\ PRQRWRQLFDOO\ LQFUHDVLQJ LQ

D QHLJKERUKRRG RI D� 7KHQ WKH IROORZLQJ UXOHV DSSO\ IRU FDOFXODWLQJ OLPLWV�

/LP
[�>D@

I�[�  >I�D�@

/LP
[�>Db@

I�[�  
d
I�D�b

e

/LP
[�>D�@

I�[�  
d
I�D��

e

3URRI :H WDNH WKH WKLUG DVVHUWLRQ nUVW� /HW $ EH >D�@� :H PXVW SURYH I�$�  
>I�D��@� /HW : � I�$�� 7KHQ IRU VRPH F ! D� ZH KDYH I��D� F�� t: � 'HFUHDVH
F LI QHFHVVDU\ VR WKDW I LV VWULFWO\ PRQRWRQLF DQG FRQWLQXRXV RQ �D� F�� 6LQFH I
LV FRQWLQXRXV DQG PRQRWRQLF� ZH KDYH I��D� F��  �I�D�� I�F��� DQG I�F� ! I�D��
+HQFH �I�D�� I�F�� t: DQG VR : � >I�D��@� &RQYHUVHO\� VXSSRVH : � >I�D��@�
7KHQ IRU VRPH & ! I�D�� ZH KDYH �I�D��&� t : � 'HFUHDVH & LI QHFHVVDU\ VR
WKDW I LV LQYHUWLEOH RQ �I�D��&� DQG VWULFWO\ PRQRWRQLF RQ �D� F�� ZKHUH I�F�  &

DQG D � F� 7KHQ I��D� F��  �I�D��&�� VR I��D� F�� t : � +HQFH : � I�$��
FRPSOHWLQJ WKH SURRI RI WKH WKLUG DVVHUWLRQ� 7KH nUVW WZR DVVHUWLRQV DUH SURYHG
VLPLODUO\� XW

/HPPD ��

/LP
[�$

� J�[�  � /LP
[�$

J�[��

3URRI 7KH H[SUHVVLRQ RQ WKH ULJKW LV WKH OLIWLQJ RI WKH UHFLSURFDO IXQFWLRQ�
DSSOLHG WR /LP[�$ J�[�� 7KLV REVHUYDWLRQ PDNHV WKLV D VSHFLDO FDVH RI /HPPD
�� VLQFH WKH UHFLSURFDO IXQFWLRQ VDWLVnHV WKH K\SRWKHVLV UHTXLUHG LQ WKDW OHPPD�
QDPHO\ LW LV FRQWLQXRXV RQ LWV GRPDLQ DQG WKDW GRPDLQ LV RSHQ� XW

7KH SUHYLRXV OHPPD LV DQ H[DPSOH RI D PRUH JHQHUDO VLWXDWLRQ� 6XSSRVH ZH
KDYH D IXQFWLRQ I�[� \� RI WZR �RU PRUH� YDULDEOHV� 7KHQ ZH ZULWH I�F�$� ZKHUH
$ LV D nOWHU� DQG F LV D UHDO QXPEHU� ,Q WKH SUHYLRXV OHPPD� I ZDV GLYLVLRQ�
:KDW GRHV I�F�$� PHDQ" $QVZHU� LI J�\�  I�F� \� �ZLWK F n[HG�� WKHQ J KDV D
OLIWLQJ JF� DQG I�F�$�  JF�$��

��



/HPPD �� � >�@  >��@

3URRI /HW : � � >�@� +HUH � >�@ LV WKH OLIWLQJ RI WKH UHFLSURFDO IXQFWLRQ
J�[�  � [� VR WKLV PHDQV WKDW IRU VRPH 8 � >�@� ZH KDYH J�8� t : � ,I
8 � >�@� WKHQ 8 KDV D VXEVHW RI WKH IRUP �F��� ZLWK F ! �� DQG J��F���� t
J�8� t : � 7KDW LV� ��� � F� t : � %XW ���� F� � >��@� VR : � >��@� 7KDW
SURYHV � >�@ t >��@� &RQYHUVHO\� OHW : � >��@� 7KHQ IRU VRPH F ! � ZH
KDYH ��� F� t : � /HW J�[�  � [ DQG 8  �� F���� 7KHQ J�8�  ��� F�� VR
: � � >�@� +HQFH >��@ t � >�@� +HQFH � >�@  >��@� XW

� &DOFXODWLQJ ZLWK )LOWHU /LPLWV

��� $Q H[DPSOH FDOFXODWLRQ MXVWLnHG

+HUH LV WKH LQIRUPDO FDOFXODWLRQ WR EH PDGH SUHFLVH�

OLP
[��

VLQ�� [�  VLQ� OLP
[��

�� [��  VLQ�� � OLP
[��

[��

 VLQ�� ��  VLQ���  �

7KH IROORZLQJ LV WKH nOWHU�OLPLW YHUVLRQ RI WKLV FDOFXODWLRQ� 7KH VPDOO QXPEHUV
DUH UHIHUHQFHV WR OHPPDV LQ WKH SUHYLRXV VHFWLRQ� ZKLFK MXVWLI\ WKH VWHSV�

/LP
[�>�@

VLQ�� [�
�
 VLQ� /LP

[�>�@
�� [��

��
 VLQ�� � /LP

[�>�@
[��

�
 VLQ�� >�@�

��
 VLQ�

d
��

e
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7KLV FDOFXODWLRQ JLYHV D nOWHU DQVZHU� ,I ZH ZDQW DQ DQVZHU LQ FRQYHQWLRQDO
WHUPV� ZH FDQ XVH /HPPD � DQG 7KHRUHP � WR FRQFOXGH WKDW�

OLP
[��

VLQ�� [�  �

1RWDWLRQ� :H FRXOG� DFFRUGLQJ WR SUHYLRXVO\ VWDWHG FRQYHQWLRQV� KDYH RPLWWHG
WKH EUDFNHWV RQ WKH� V\PEROV XQGHU WKH OLPLW VLJQ� DQG ZH FRXOG KDYH RPLWWHG
WKH RYHUOLQHV RQ VLQ�

��� &DOFXODWLRQ UXOHV IRU nOWHUV

7KH SODQ LV WR JLYH UXOHV WKDW HQDEOH XV WR FDOFXODWH OLPLWV XVLQJ �V\PEROV IRU�
nOWHUV� :H KDYH DOUHDG\ VKRZQ KRZ WR H[WHQG WKH DULWKPHWLF RSHUDWLRQV� DQG
IXQFWLRQV LQ JHQHUDO WR nOWHUV� XVLQJ WKH QRWLRQ RI COLIWLQJ
� 7KH IROORZLQJ FDO�
FXODWLRQ UXOHV FDQ EH YHULnHG LQ WKH VDPH ZD\ DV WKH OHPPDV LQ WKH SUHYLRXV
VHFWLRQ�

�

>�@
 

>�@

>�@
 >h�@

>�@

�
 

�

�
 >'RPDLQ(UURU@
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>�@ �
d
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�
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 >�@

>D@ >�@  >�@ LI D ! �
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>�@ >b�@  >b�@

:KDW LV ]HUR WLPHV LQnQLW\" :HOO� ZH KDYH

d
��

e
>�@  �����

� >�@  >8QGHnQHG@

>�@ >�@  �b���� B �����

7KLV ODVW DQVZHU XVHV WKH CMRLQ
 RSHUDWLRQ RQ nOWHUV� ZKLFK ZH KDYH QRW \HW
GHnQHG� EXW WKH nOWHU LQ TXHVWLRQ KHUH FRQWDLQV MXVW WZR RSHQ VHWV� 5 DQG WKH
XQLRQ RI WKH WZR LQWHUYDOV �b�� �� DQG ������
8VLQJ WKH QRWLRQ RI OLIWLQJ RI D IXQFWLRQ WR nOWHUV� ZH FDQ YHULI\ WKH IROORZLQJ

UXOHV�

OQ >�@  >�@

OQ
d
��

e
 >b�@

H
>b�@  

d
��

e

H>�@  >�@

VLQ�>D�E@�  >b���@ LI MEb DM w �{

VLQ�>�@�  >b���@

(YHU\ PDWKHPDWLFLDQ KDV XVHG WKHVH UXOHV IRU \HDUV� EXW WKLV LV WKH nUVW WLPH
WKH\ KDYH EHHQ JLYHQ D SUHFLVH VHPDQWLFV� 1RZ� IRU H[DPSOH� ZH FDQ JLYH D
FRPSOHWHO\ ULJRURXV YHUVLRQ RI WKH FDOFXODWLRQ LQ WKH LQWURGXFWLRQ�

/LP
[��

[b

S
[  /LP

[��
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:KDW KDSSHQV ZKHQ WKH IXQFWLRQ LV QRW GHnQHG LQ D QHLJKERUKRRG RI WKH OLPLW
SRLQW" )RU H[DPSOH� ZKDW LV WKH OLPLW RI

S
[ DV [ � �" $V LW WXUQV RXW� WKDW

GHSHQGV RQ ZKHWKHU \RX DUH )UHQFK RU QRW� ,Q )UDQFH� WKLV OLPLW LV �� EXW LQ WKH
8�6�� 5XVVLD� -DSDQ� DQG *HUPDQ\� LW LV FRQVLGHUHG XQGHnQHG�� /HW XV VHH ZKDW
WKH nOWHU WKHRU\ RI OLPLWV KDV WR VD\� :H KDYH

/LP
[�>�@

S
[  >'RPDLQ(UURU@

EXW

/LP
[�>��@

S
[  

d
��

e

2Q WKH RWKHU KDQG� LI ZH UHSODFH WKH XQGHUO\LQJ VSDFH 5 E\ WKH GRPDLQ RI
S
[�

QDPHO\ ;  >����� DQG XVH WKH nOWHU WKHRU\ RI OLPLWV RQ WKH VSDFH ;� ZH ZRXOG
WKHQ nQG WKDW WKH OLPLW LV GHnQHG DQG WDNHV WKH YDOXH �� FRUUHVSRQGLQJ WR WKH
)UHQFK QRWLRQ�

��� )LOWHU OLPLWV DQG WKH DV\PSWRWLF EHKDYLRU RI IXQFWLRQV

:H KDYH VHYHUDO WLPHV HPSKDVL]HG WKDW nOWHU OLPLWV HQFDSVXODWH PRUH LQIRUPD�
WLRQ WKDQ RUGLQDU\ OLPLWV� 7KDW WKHPH OHDGV WR D ORQJ OLVW RI nOWHU�OLPLW UXOHV IRU

�7KH )UHQFK FRQVLGHU RQO\ YDOXHV IURP WKH GRPDLQ RI I DV GHWHUPLQLQJ WKH OLPLW� 6HH IRU
H[DPSOH WKH WH[WERRN >�@� &KDSWHU �� 6HFWLRQ �� :H DOVR FKHFNHG WZR RWKHU )UHQFK WH[WERRNV�

��



WKH YDULRXV IXQFWLRQV RI DQDO\VLV� (DFK UXOH HQFRGHV D IDFW DERXW WKH DV\PSWRWLF
EHKDYLRU RI D IXQFWLRQ QHDU VRPH VSHFLDO SRLQW� :H ZLOO LOOXVWUDWH WKH SURFHVV RI
IRUPXODWLQJ WKHVH UXOHV� UDWKHU WKDQ JLYH D VL[�SDJH OLVW RI WKHP� &RQVLGHU WKH
OLPLW �OQ�� � W�� W � � DV W � �� 7KLV FRUUHVSRQGV WR IRXU nOWHU�OLPLW UXOHV� DV
IROORZV�

/LP
W�>�@
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/LP
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/LP
W��

OQ�� � W�
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 >'RPDLQ(UURU@

7KH ODVW RI WKHVH IRXU LV RI SXUHO\ DFDGHPLF LQWHUHVW� JLYHQ KHUH RQO\ IRU FRP�
SOHWHQHVV� 7KH RWKHU WKUHH FRUUHVSRQG WR WKH XVXDO WZR�VLGHG DQG RQH�VLGHG
OLPLWV� %\ GHnQLWLRQ RI /LP� WKH nOWHU OLPLWV RQ WKH OHIW DUH GHnQHG �nOWHU OLPLWV
DUH DOZD\V GHnQHG� DV nOWHUV�� %\ 7KHRUHP �� VLQFH WKH RUGLQDU\ OLPLW LV GHnQHG
DQG KDV WKH YDOXH �� WKH YDOXH PXVW EH D nOWHU UHnQLQJ WKH SULQFLSDO nOWHU ��
:KLFK nOWHU PLJKW WKDW EH" ,QWXLWLYHO\� WKDW ZLOO GHSHQG RQ WKH DV\PSWRWLF
EHKDYLRU RI WKH IXQFWLRQ LQ WKH YLFLQLW\ RI WKH OLPLW SRLQW� LQ WKLV FDVH �� )RU
H[DPSOH� LQ WKH FDVH RI WKH OLPLW IURP WKH OHIW� WKH IXQFWLRQ LV GHFUHDVLQJ WR D
OLPLW RI �� VR WKH nOWHU YDOXH LV >��@� ,Q JHQHUDO� ZKHQ FRQVLGHULQJ WKH OLPLW RI
I�[� DV [� D� LI WKH RUGLQDU\ OLPLW IURP WKH OHIW LV GHnQHG �DQG HTXDOV F� VD\��
DQG WKH IXQFWLRQ LV FRQWLQXRXV LQ VRPH LQWHUYDO �D b q� D�� WKHQ WKHUH DUH MXVW
WKUHH SRVVLELOLWLHV�

q I�[� ! F LQ VRPH LQWHUYDO RI WKH IRUP �Db q� D�� DQG WKH YDOXH RI WKH nOWHU
OLPLW LV >F�@

q I�[� � F LQ VRPH LQWHUYDO RI WKH IRUP �Db q� D�� DQG WKH YDOXH RI WKH nOWHU
OLPLW LV >Fb@

q I�[�  F LQnQLWHO\ RIWHQ DV [� D� DQG WKH YDOXH RI WKH nOWHU OLPLW LV F

7KHUH DUH WKUHH VLPLODU SRVVLELOLWLHV IRU WKH ULJKW�KDQG OLPLW� )RU WKH WZR�VLGHG
OLPLWV� WKHUH DOVR DULVHV WKH IRXUWK SRVVLELOLW\ WKDW WKH YDOXH RI WKH nOWHU OLPLW
LV >F@� LQ FDVH WKH IXQFWLRQ LV VWULFWO\ PRQRWRQLF RQ D SXQFWXUHG QHLJKERUKRRG
RI D� 7KHVH FRQVLGHUDWLRQV VKRZ WKDW WKH nOWHU OLPLW YDOXH FRQWDLQV� LQWXLWLYHO\
VSHDNLQJ� PRUH LQIRUPDWLRQ DERXW WKH DV\PSWRWLF EHKDYLRU RI WKH IXQFWLRQ WKDQ
GRHV WKH XVXDO OLPLW YDOXH�
:H XVHG WKLV DSSURDFK WR IRUPXODWH nOWHU�OLPLW YHUVLRQV RI WKH XVXDO UXOHV IRU

CVSHFLDO OLPLWV
 VXFK DV

�VLQ W� W� � DV W� �

��b FRV W� W� �
�

�
DV W� �

��



�� � W�� W � H DV W� �

�HW b �� W� � DV W� �

�WQ OQ MWM � � DV W�
d
��

e
�IRU Q ! ��

1RWH WKDW WKH nOWHU DQVZHU LQ WKH ODVW H[DPSOH GHSHQGV RQ ZKHWKHU Q LV HYHQ RU
RGG�
7KHUH DUH D QXPEHU RI UXOHV FRQFHUQLQJ OLPLWV RI SRZHUV RI W DV W � � RU

W��� DOO RI ZKLFK FDQ EH FRQYHUWHG WR nOWHU OLPLW UXOHV LQ WKH VDPH ZD\�
7KH EHKDYLRU RI RVFLOODWRU\ IXQFWLRQV JLYHV ULVH WR VRPH PRUH LQWHUHVWLQJ

nOWHU�OLPLW UXOHV� VXFK DV WKHVH�
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 >b���@

/LP
W��

FRV W  >b���@

/LP
W��

W VLQ W  �b����

/LP
W��

WDQ W  >'RPDLQ(UURU@

:H GR QRW JHW �b���� IRU WKLV ODVW OLPLW VLQFH WKH WDQJHQW LV XQGHnQHG DW D
VHTXHQFH RI SRLQWV FRQYHUJLQJ WR LQnQLW\�

��� &DOFXODWLQJ ZLWK LQnQLW\

,Q DGGLWLRQ WR WKH UXOHV IRU nOWHU OLPLWV� WKHUH DUH DOVR FDOFXODWLRQ UXOHV LQYROYLQJ
nOWHUV RQO\� :H JDYH VRPH VSHFLDO FDVHV DERYH� EXW QRZ ZH IRUPXODWH WKHVH UXOHV
PRUH JHQHUDOO\ XVLQJ WKH FRQFHSWV RI D CSRVLWLYH nOWHU
 DQG D CERXQGHG nOWHU
�
�7KHVH FRQFHSWV KDYH EHHQ GHnQHG DERYH�� :H JLYH VHYHUDO RI WKHVH UXOHV LQ DQ
LQIRUPDO IRUP� DQG IRU HDFK IRUP� ZH JLYH RQH RU PRUH SUHFLVH WUDQVODWLRQV LQWR
UXOHV DERXW nOWHUV�

q h� SRVLWLYH  h�

$ SRVLWLYH 	 $ ERXQGHG � >�@ $  >�@

$ SRVLWLYH 	 $ ERXQGHG � >b�@ $  >b�@

$ SRVLWLYH 	 $ ERXQGHG � >h�@ $  >h�@

q nQLWH h�  �
$ ERXQGHG � $ >�@ Y �

$ ERXQGHG � $ >b�@ Y �

$ ERXQGHG � $ >h�@ Y �

q SRVLWLYH c h�  h�

$ SRVLWLYH 	 $ ERXQGHG � $ c >�@  >�@

$ SRVLWLYH 	 $ ERXQGHG � $ c >b�@  >b�@

$ SRVLWLYH 	 $ ERXQGHG � $ c >h�@  >h�@
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>b�@ c >�@  >b�@

>h�@ c >�@  >h�@

q h�� nQLWH  h�

$ ERXQGHG � >�@ �$  >�@

$ ERXQGHG � >b�@ �$  >b�@

$ ERXQGHG � >h�@ �$  >h�@
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q X�  � LI � � X � �

� � X � � 	 $ Y X � $
>�@  

d
��

e
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q Xb�  � LI � � X � �

� � X � � 	 $ Y X � $
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q �Q  � LI Q ! �

Q ! � � >�@
Q

 >�@

q �b�  XQGHnQHG

>�@b >�@  >8QGHnQHG@

1RWH WKDW JHQHUDOO\ OLPLWV ZKLFK LQIRUPDOO\ DUH CXQGHnQHG
 FRPH RXW HLWKHU
WR PRUH SUHFLVH nOWHU DQVZHUV RU WR >'RPDLQ(UURU@� 7KLV LV RQH RI WKH IHZ

FDVHV LQ ZKLFK ZH JHW WKH nOWHU >8QGHnQHG@�
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��� )XQFWLRQV DW ,QnQLW\

7KH IROORZLQJ UXOHV HQDEOH RQH WR HYDOXDWH OLPLWV E\ SDVVLQJ WKH /LP V\PERO

WKURXJK IXQFWLRQV� WKHQ HYDOXDWLQJ WKH LQQHU OLPLW WR D nOWHU� DQG WKHQ HYDOXDWLQJ

WKH IXQFWLRQ� DV LQ /LP[�� OQ�� [�  OQ /LP[�� � [  OQ >�@  >�@�
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q 7ULJ OLPLWV DW �

VLQ >�@  >b���@

FRV >�@  >b���@

WDQ >�@  >'RPDLQ(UURU@

FRW >�@  >'RPDLQ(UURU@

VHF >�@  � >b �� �@  �b��b�� B �����

FVF >�@  � >b �� �@  �b��b�� B �����

7KH CMRLQ
 RSHUDWLRQ XVHG KHUH ZLOO EH GHnQHG LQ WKH QH[W VHFWLRQ�

q FRVKh�  �

FRVK >�@  FRVK >b�@  FRVK >h�@  �

q VLQKh�  h�
VLQK >�@  >�@

VLQK >b�@  >b�@

VLQK >h�@  >h�@

q WDQKh�  h�
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� 5HnQHPHQW

7KH JHQHUDO WKHPH RI WKLV SDSHU LV WKDW E\ XVLQJ FDOFXODWLRQ UXOHV IRU nOWHU OLP�
LWV DQG nOWHUV� ZH FDQ HYDOXDWH OLPLWV� DUULYLQJ DW ULJRURXVO\ MXVWLnHG DQVZHUV�
+RZHYHU� WKHUH LV D VXEWOHW\ LQ WKLV SURFHVV ZKLFK LV ZRUWK DQ H[WHQGHG GLVFXV�
VLRQ� 1DPHO\� WKH UXOH JLYHQ LQ /HPPD �� IRU SDVVLQJ /LP WKURXJK D IXQFWLRQ
RI WZR �RU PRUH� YDULDEOHV� GRHV QRW SUHVHUYH nOWHU HTXDOLW\� EXW RQO\ KDV nOWHU
UHnQHPHQW RQ WKH ULJKW� )RU H[DPSOH� ZH GR QRW LQ JHQHUDO KDYH

/LP
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X
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/LP[�� X

/LP[�� Y

,QVWHDG� ZH RQO\ KDYH
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Y
/LP[�� X
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:H EDUHO\ DYRLGHG GLpFXOWLHV ZLWK WKLV SKHQRPHQRQ ZKHQ HYDOXDWLQJ WKH H[DP�
SOH OLPLW

/LP
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VLQ�� [�  VLQ /LP
[��

� [

,I ZH VLPSO\ SXVK WKH /LP WKURXJK WKH IUDFWLRQ WR JHW

/LP[�� �

/LP[�� [

WKHQ ZH ZLOO ORVH HTXDOLW\� DQG nQG RXW LQ WKH HQG WKDW WKH DQVZHU LV VRPH nOWHU
WKDW UHnQHV >��@� UDWKHU WKDQ JHWWLQJ WKH H[DFW DQVZHU >��@� :H ZHUH DEOH WR
DYRLG WKLV GLpFXOW\ E\ UHJDUGLQJ � [ DV WKH UHFLSURFDO IXQFWLRQ �RI RQH DUJX�
PHQW� LQVWHDG RI D IUDFWLRQ �IXQFWLRQ RI WZR DUJXPHQWV�� DQG DSSO\LQJ /HPPD
�� ZKLFK DOORZV XV WR SDVV /LP WKURXJK D IXQFWLRQ RI RQH DUJXPHQW�
%XW ZKDW LI WKH QXPHUDWRU KDG QRW EHHQ D FRQVWDQW� EXW VLPSO\ VRPHWKLQJ

ZKRVH OLPLW LV �" 6XSSRVH /LP[�� I�[�  >�@ DQG FRQVLGHU WKH SUREOHP

/LP
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VLQ
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[

7KH nUVW VWHS LV OHJDO�

/LP
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VLQ
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 VLQ /LP
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EXW ZH FDQQRW FRQFOXGH WKDW WKLV LV HTXDO WR

VLQ
/LP[�� I�[�

/LP[�� [
�

RQO\ WKDW WKH DQVZHU WR WKH RULJLQDO SUREOHP UHnQHV WKLV H[SUHVVLRQ� :HOO� ZH
FDQ FRUUHFWO\ HYDOXDWH WKLV ODWWHU H[SUHVVLRQ WR >�@  >�@  >��@� VR ZH NQRZ WKDW
WKH DQVZHU UHnQHV >��@� 7KHUHIRUH� LI DOO ZH ZDQW LV WKH DQVZHU WR WKH RUGLQDU\
OLPLW� ZH DUH GRQH� WKH DQVZHU LV ��
7KLV VLWXDWLRQ LV SHUIHFWO\ JHQHUDO� 7R HYDOXDWH D OLPLW� ZH H[HFXWH WKH IRO�

ORZLQJ SODQ�

�� &KDQJH OLP WR /LP�

�� (YDOXDWH WKH nOWHU OLPLW� XVLQJ WKH UXOHV JLYHQ LQ WKLV SDSHU�

�� 3URMHFW WKH nOWHU DQVZHU EDFN WR D QXPEHU� 7KDW
V WKH DQVZHU�

7KH ODVW VWHS� CSURMHFWLRQ
� ZRUNV DV IROORZV�

>�@ SURMHFWV WR �

>b�@ SURMHFWV WR b�

>h�@ SURMHFWV WR XQGHnQHG

F SURMHFWV WR F
d
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e
SURMHFWV WR F
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SURMHFWV WR F

>F@ SURMHFWV WR F
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3URMHFWLRQ KDV WKH SURSHUW\ WKDW LI nOWHU $ UHnQHV nOWHU %� DQG nOWHU % GRHV
QRW SURMHFW WR CXQGHnQHG
� WKHQ $ DQG % KDYH WKH VDPH SURMHFWLRQ� $FFRUGLQJ WR
7KHRUHP �� WKH nOWHU DQVZHU WKDW ZH JHW E\ RXU FDOFXODWLRQ UXOHV PXVW UHnQH WKH
WUXH nOWHU DQVZHU� 7KHUHIRUH� WKH FDOFXODWHG DQVZHU DQG WKH WUXH DQVZHU KDYH
WKH VDPH SURMHFWLRQ� 5HnQHPHQW PDNHV QR GLmHUHQFH LI ZH DUH RQO\ LQWHUHVWHG
LQ WKH DQVZHU WR DQ RUGLQDU\ OLPLW� :H FDQ GHWRXU WKURXJK nOWHU FDOFXODWLRQV�
DQG ZKHQ ZH UHWXUQ WR WKH RUGLQDU\ DQVZHU� LW LV FRUUHFW�
+RZHYHU� DV ZH KDYH VHHQ� VRPHWLPHV WKH nOWHU OLPLW DQVZHU LV PRUH LQIRUPD�

WLYH WKDQ WKH RUGLQDU\ DQVZHU� DQG WKH PDWKHPDWLFDO TXHVWLRQ DULVHV� ZKHWKHU
ZH FDQ DOZD\V FDOFXODWH WKH FRUUHFW nOWHU DQVZHU� RU ZKHWKHU ZH PXVW VHWWOH IRU
CRQO\ D UHnQHPHQW
� 7KH UHVXOWV LQ WKLV VHFWLRQ DUH GLUHFWHG WR WKLV TXHVWLRQ�
%\ ZD\ RI PRWLYDWLRQ� FRQVLGHU WKH DERYH H[DPSOH DJDLQ� :H FDOFXODWH ZLWK
nOWHUV� DQG GHWHUPLQH WKDW WKH FRUUHFW DQVZHU UHnQHV >��@� :HOO� ZKDW nOWHU FDQ
SRVVLEO\ UHnQH >��@" ,I ZH DVVXPH WKDW I LV FRQWLQXRXV RQ VRPH LQWHUYDO �D����
ZH FDQ VKRZ WKDW WKH nOWHU DQVZHU LV D FRQQHFWHG nOWHU� LQ D VHQVH WR EH GHnQHG
EHORZ� :H FDQ DOVR FKDUDFWHUL]H WKH FRQQHFWHG nOWHUV WKDW UHnQH D SULQFLSDO
nOWHU F� WKH\ DUH MXVW WKH nOWHUV >F�@� >Fb@� DQG F� +HQFH� LI ZH FDOFXODWH >��@� VR
ZH NQRZ WKH DQVZHU UHnQHV >��@ �DQG KHQFH UHnQHV ��� WKHQ WKH DQVZHU PXVW EH
RQH RI >��@� >�b@� DQG �� %XW LW PXVW DOVR UHnQH >��@� WKH FDOFXODWHG DQVZHU� 7KH
RQO\ SRVVLELOLW\ LV >��@� VR WKDW LV WKH DQVZHU� 7KH FKDUDFWHUL]DWLRQ RI FRQQHFWHG
nOWHUV �SURYHG EHORZ� WKXV HQDEOHV XV WR JHW WKH H[DFW nOWHU DQVZHU ZKHQHYHU
ZH FDQ FDOFXODWH WKH DQVZHU WR WKH RUGLQDU\ OLPLW�
:KHQ FRQVLGHULQJ WZR�VLGHG OLPLWV� ZH QRWH WKDW >F@ LV QRW D FRQQHFWHG nOWHU�

EXW E\ �HVVHQWLDOO\� FRQVLGHULQJ WKH WZR�VLGHG OLPLWV DV WKH CMRLQ
 RI WZR RQH�VLGHG
OLPLWV� ZH DUH DEOH WR DSSO\ WKH UHVXOW RQ FRQQHFWHG nOWHUV LQ D VLPLODU ZD\ WR
WKLV VLWXDWLRQ�

��� &RQQHFWHG )LOWHUV

6XSSRVH ZH KDYH FDOFXODWHG WKDW D FHUWDLQ OLPLW UHnQHV �� 7KHUH DUH PDQ\
VWUDQJH DQG ZRQGHUIXO nOWHUV WKDW UHnQH �� IRU H[DPSOH WKH nOWHU JHQHUDWHG E\
DOO LQWHUYDOV RI WKH IRUP �S� T� ZKHUH WKH LQWHUYDO �S� T� GRHV QRW FRQWDLQ WKH
UHFLSURFDO RI DQ\ LQWHJHU� EXW GRHV FRQWDLQ �� 7KLV nOWHU� DQG PDQ\ RWKHUV� ZLOO
QHYHU DULVH DV WKH DQVZHU WR D OLPLW SUREOHP LQ IUHVKPDQ FDOFXOXV� ,I WKH IXQFWLRQ
ZKRVH OLPLW LV EHLQJ FDOFXODWHG LV FRQWLQXRXV RQ HDFK VLGH RI WKH OLPLW SRLQW �WKDW
LV� LQ VRPH RSHQ RQH�VLGHG QHLJKERUKRRG RQ HDFK VLGH�� WKHQ ZH ZLOO VKRZ WKDW
WKH RQH�VLGHG nOWHU OLPLW LV RQH RI D VPDOO QXPEHU RI SRVVLELOLWLHV� DQG QRW VRPH
ZLOG nOWHU OLNH WKH RQH DERYH� 7R WKDW HQG� ZH GHnQH WKH FRQFHSWV RI CFRQQHFWHG
nOWHU
 DQG CLQWHUYDO nOWHU
� DQG WKHQ SURYH D WKHRUHP FRQQHFWLQJ WKHP� 7KLV LV
WKH nOWHU DQDORJXH RI WKH WKHRUHP WKDW WKH FRQQHFWHG VXEVHWV RI 5 DUH MXVW WKH
LQWHUYDOV�

$ nOWHU $ LV FDOOHG FRQQHFWHG ZKHQ�

�8 � $ �9 � $ � 9 t 8 	 9 LV FRQQHFWHG LQ 5

�1RWH WKDW � LV D FRQQHFWHG VHW� VR >,PSURSHU@ LV D FRQQHFWHG nOWHU��

��



$Q LQWHUYDO nOWHU LV D nOWHU WKDW KDV RQH RI WKH IROORZLQJ IRUPV�

; �I,J�
>D�@
>Db@
>�@
>b�@

>'RPDLQ(UURU@
>,PSURSHU@

ZKHUH , LV DQ QRQ�HPSW\ LQWHUYDO �RSHQ� KDOI�RSHQ RU FORVHG� DQG SRVVLEO\ LQn�
QLWH�� DQG ZKHUH D LV D nQLWH UHDO QXPEHU�
1RWH WKDW ZH KDYH�

D  ; �I>D� D@J�
>8QGHnQHG@  ; �I�b����J�

VR D DQG >8QGHnQHG@ DUH LQWHUYDO nOWHUV WRR�
$ IXQFWLRQ I LV FDOOHG FRQWLQXRXV RQ $ ZKHQ�

�8 � $ � 8 t GRP�I� 	 I FRQWLQXRXV RQ 8

�1RWH WKDW CFRQWLQXRXV RQ D
 LV QRW HTXLYDOHQW WR CFRQWLQXRXV LQ D
��

��� -RLQ DQG PHHW

:KHQ ZH DQDO\]H D WZR�VLGHG OLPLW LQWR WZR RQH�VLGHG OLPLWV� DQG WKHQ ZDQW WR
SXW WKH UHVXOWV EDFN WRJHWKHU� ZH QHHG WKH FRQFHSW RI WKH CMRLQ
 RI WZR nOWHUV�
ZKLFK ZH ZULWH $ B %� )RU H[DPSOH� >��@ B >�b@  >�@� DV LV SURYHG LQ /HPPD
�� EHORZ�
)RU nOWHUV $ DQG % ZH GHnQH�

$B%  $?%

7KHUH LV D GXDO RSHUDWLRQ CPHHW
� 7RJHWKHU MRLQ DQG PHHW WXUQ WKH VHW RI
nOWHUV LQWR D ODWWLFH� :H KDYH QR GLUHFW XVH IRU PHHW� RU IRU WKH ODWWLFH VWUXFWXUH
RQ WKH VHW RI nOWHUV� EXW IRU FRPSOHWHQHVV ZH JLYH WKH GHnQLWLRQ�

$ A%  I8 ? 9 M 8 � $ 	 9 � %J

/HPPD ��

I�$ B%�  I�$� B I�%�

3URRI �Y� 6XSSRVH 9 � I�$� B I�%�� WKHQ ERWK 9 � I�$� DQG 9 � I�%�� VR
WKHUH DUH 8 � $ DQG 8 � � % VXFK WKDW 8�8 � t GRP�I� DQG I >8 @� I >8 �@ t 9 �
7KHQ 8 > 8 � � $ B%� DQG IXUWKHUPRUH 8 > 8 � t GRP�I� DQG I >8 > 8 �@ t 9 �
VR 9 � I�$ B%��

��



�Z� ,I 9 � I�$ B %�� WKHUH LV D 8 � $ B % �DQG VR 8 � $ DQG 8 � %� ZLWK
8 t GRP�I� DQG I >8 @ t 9 � 7KLV VDPH 8 VKRZV WKDW 9 � I�$� DQG 9 � I�$��
ZKLFK PHDQV WKDW 9 � I�$� B I�%�� XW
7KH IROORZLQJ OHPPD LV QRW XVHG� EXW PD\ EH RI VRPH LQWHUHVW� VLQFH LW LV QRW

TXLWH GXDO WR WKH SUHYLRXV OHPPD� ZH JHW RQO\ UHnQHPHQW� QRW HTXDOLW\��

/HPPD ��

I�$ A%� Y I�$� A I�%�

3URRI /HW 9 � I�$� A I�%�� VR WKHUH DUH 9 � � I�$� DQG 9 � � I�%� ZLWK
9  9 � ? 9 �� 7KHQ WKHUH DUH 8 � � $ DQG 8 � � % ZLWK 8 ��8 � t GRP�I� DQG
I >8 �@ t 9 �� I >8 �@ t 9 �� !)URP WKLV 8 � ? 8 � � $ A %� 8 � ? 8 � t GRP�I� DQG
I >8 � ? 8 �@ t 9 � ? 9 � DQG VR 9 � ? 9 � � I�$ A%�� XW

/HPPD ��
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3URRI $ VHW FRQWDLQV D VHW RI WKH IRUP �Db q� D�> �D� D� q� Lm LW FRQWDLQV ERWK
D VHW RI WKH IRUP �Db q� D� DQG RQH RI WKH IRUP �D� D� q� �WDNH WKH PLQLPXP RI
WKRVH WZR HSVLORQV�� XW

��� ,QWHUYDO nOWHUV DQG FRQQHFWHG nOWHUV

7KHRUHP � /HW $ EH D nOWHU RQ 5� 7KHQ $ LV FRQQHFWHG LI DQG RQO\ LI $ LV DQ

LQWHUYDO nOWHU�

3URRI :H PD\ DVVXPH WKDW $ LV SURSHU DQG QRQ�HPSW\� EHFDXVH WKH RQO\ nOWHUV
WKDW GRQ
W VDWLVI\ WKDW DVVXPSWLRQ DUH >,PSURSHU@ DQG >'RPDLQ(UURU@ DQG ERWK
DUH FRQQHFWHG DQG DQ LQWHUYDO nOWHU� $OVR� LW
V HDV\ WR YHULI\ E\ LQVSHFWLRQ WKDW
HYHU\ LQWHUYDO nOWHU LV FRQQHFWHG� 6R DOO WKDW LV QHHGHG LV WR VKRZ WKDW LI D SURSHU
QRQ�HPSW\ $ LV FRQQHFWHG� WKHQ LW LV DQ LQWHUYDO nOWHU�
'HnQH /  IO � 5>Ib�JM�O��� � $J DQG 5  IU � 5>I�JM�b�� U� � $J�

/ ZLOO EH FORVHG WR WKH OHIW �LI O � / DQG O� � O WKHQ DOVR O� � /�� VR / KDV WR
KDYH WKH IRUP Ib�J� >b�� D�� >b�� D@ RU >b����� 6LPLODUO\ 5 ZLOO EH RI WKH
IRUP �b���@� >E��@� �E��@ RU I�J� 1RZ IURP WKH IDFW WKDW $ LV FRQQHFWHG
RQH FDQ GHGXFH WKDW $ FRQVLVWV RI H[DFWO\ WKRVH RSHQ 8 IRU ZKLFK �O� U� t 8 IRU
VRPH O � / DQG U � 5� 7KLV PHDQV WKDW WKHUH LV DW PRVW RQH FRQQHFWHG $ IRU D
JLYHQ / DQG 5� %HFDXVH IRU HDFK FRPELQDWLRQ RI / DQG 5 WKDW FDQ RFFXU ^ WKH
FRQVWUDLQW / ? 5  � KDV WR KROG� EHFDXVH HOVH $ LV LPSURSHU ^ WKHUH H[LVWV DQ
DSSURSULDWH LQWHUYDO nOWHU �ZKLFK� DV DOUHDG\ KDV EHHQ QRWHG� LV FRQQHFWHG�� WKLV
PHDQV WKDW $ KDV WR EH WKDW LQWHUYDO nOWHU� XW

&RUROODU\ � �&KDUDFWHUL]DWLRQ RI FRQQHFWHG nOWHUV�

$ Y D 	 $ SURSHU DQG FRQQHFWHG � $ � ID�
d
D�

e
�
d
Db

e
J

$ Y >�@ 	 $ SURSHU DQG FRQQHFWHG � $  >�@

�7KLV LV DQDORJRXV WR WKH IDFW WKDW� ZKLOH WKH LPDJH RI D XQLRQ LV WKH XQLRQ RI WKH LPDJHV�

WKH VDPH LV QRW WUXH IRU LQWHUVHFWLRQV� WKH LQWHUVHFWLRQ RI WKH LPDJHV FRQWDLQV� EXW PLJKW EH

ODUJHU WKDQ� WKH LPDJH RI WKH LQWHUVHFWLRQV�
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3URRI 7KLV IROORZV IURP WKH WKHRUHP E\ FRQVLGHULQJ WKH YDULRXV SRVVLELOLWLHV
IRU DQ LQWHUYDO nOWHU� XW

7KHRUHP � ,I $ LV D FRQQHFWHG nOWHU DQG I LV FRQWLQXRXV RQ $ WKHQ I�$� LV

FRQQHFWHG�

3URRI 6XSSRVH WKDW 9 � I�$�� ZH
OO KDYH WR SURYH WKDW WKHUH LV VRPH 9 � � I�$�
ZLWK 9 � t 9 DQG 9 � FRQQHFWHG� %\ WKH GHnQLWLRQ RI I�$� WKHUH LV D 8 � $

ZLWK 8 t GRP�I� DQG I >8@ t 9 � %HFDXVH I LV FRQWLQXRXV RQ $ ZH FDQ DVVXPH
WKDW I LV FRQWLQXRXV RQ 8 �PDNLQJ 8 VPDOOHU LI QHFHVVDU\�� DQG EHFDXVH $ LV
FRQQHFWHG ZH IXUWKHUPRUH FDQ DVVXPH WKDW 8 LV FRQQHFWHG �DJDLQ� PDNLQJ 8
VPDOOHU LI QHFHVVDU\� WKLV ZRQ
W GHVWUR\ WKH RWKHU IDFWV DERXW 8 �� 7KHQ EHFDXVH
8 LV FRQQHFWHG DQG I LV FRQWLQXRXV RQ 8 ZH nQG WKDW I>8 @ ZLOO EH FRQQHFWHG DV
ZHOO� /HW 9 � EH WKH FRPSRQHQW RI 9 WKDW FRQWDLQV I >8 @� WKHQ 9 � ZLOO EH RSHQ
�WKH FRPSRQHQWV RI DQ RSHQ VHW DUH RSHQ�� I >8 @ t 9 �� VR 9 � � I�$� DQG 9 � ZLOO
EH FRQQHFWHG �EHFDXVH LW
V D FRPSRQHQW�� 6R 9 � KDV WKH UHTXLUHG SURSHUWLHV� XW

/HPPD ��

I FRQWLQXRXV RQ D � � E � 5 � I�D�  E

I FRQWLQXRXV RQ D � � E � 5 � /LP
[�D

I�[�  E

3URRI 7KH VHFRQG VWDWHPHQW LV E\ WKH GHnQLWLRQ RI /LP WKH VDPH DV WKH nUVW�
VR LW VXpFHV WR SURYH WKH nUVW VWDWHPHQW�
%HFDXVH I LV FRQWLQXRXV RQ D� I LV FRQWLQXRXV RQ VRPH QHLJKERUKRRG 8 RI

D� ,Q SDUWLFXODU� EHFDXVH D � 8 WKLV LPSOLHV WKDW I LV FRQWLQXRXV LQ D� ZKLFK
LPSOLHV WKDW I LV GHnQHG LQ D� 7DNH E  I�D�� %HFDXVH I LV FRQWLQXRXV LQ D ZH
PD\ DSSO\ /HPPD �� ZKLFK JLYHV WKDW I�D�  I�D�  E� XW

/HPPD �� ,I $ � I>D�@ � >Db@ � >�@ � >b�@J WKHQ�

I FRQWLQXRXV RQ $ � I�$� SURSHU QRQ�HPSW\ LQWHUYDO nOWHU

I FRQWLQXRXV RQ $ � /LP
[�$

I�[� SURSHU QRQ�HPSW\ LQWHUYDO nOWHU

3URRI $JDLQ� WKH VHFRQG VWDWHPHQW LV WKH VDPH DV WKH nUVW�
7KH $
V DUH LQWHUYDO nOWHUV� KHQFH E\ 7KHRUHP � FRQQHFWHG� %\ 7KHRUHP �

WKLV LPSOLHV WKDW I�$� LV FRQQHFWHG� DQG VR DJDLQ E\ 7KHRUHP � WKLV PHDQV WKDW
I�$� LV DQ LQWHUYDO nOWHU� ,W UHPDLQV WR VKRZ WKDW I�$� LV SURSHU DQG QRQ�HPSW\�

%\ WKH GHnQLWLRQ RI I�$� DQ\ 9 � I�$� FRQWDLQV VRPH I >8@ ZLWK 8 � $

DQG 8 t GRP�I�� %HFDXVH $ LV QRW LPSURSHU� VXFK D 8 ZLOO QRW EH HPSW\�
WKHUHIRUH I >8 @ ZRQ
W EH HPSW\� DQG KHQFH 9 ZRQ
W EH HPSW\� +HQFH I�$� ZRQ
W
EH LPSURSHU� %HFDXVH I LV FRQWLQXRXV RQ $� I ZLOO EH FRQWLQXRXV RQ VRPH 8 � $�
ZKLFK LPSOLHV 8 t GRP�I�� 7KHQ EHFDXVH I >8@ t 5 ZH nQG 5 � I�$� DQG VR
I�$� ZRQ
W EH HPSW\� XW

1RZ ZH DUH LQ SRVLWLRQ WR FKDUDFWHUL]H GHnQLWLYHO\ WKH FRQWLQXRXV LPDJHV RI
FRQQHFWHG nOWHUV� %\ &RUROODU\ � ZH NQRZ ZKDW WKH �UHODWLYHO\ IHZ� SRVVLELOLWLHV
DUH IRU FRQQHFWHG nOWHUV� %\ 7KHRUHP � ZH NQRZ WKDW FRQWLQXRXV IXQFWLRQV
SUHVHUYH FRQQHFWHG nOWHUV� ,W LV WKHQ DQ HDV\ PDWWHU WR VSHOO RXW ZKDW WKH
SRVVLEOH UHnQHPHQWV DUH RI LPDJHV RI WKH VSHFLnF FRQQHFWHG nOWHUV�
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7KHRUHP � ,I $ � I>D�@ � >Db@ � >�@ � >b�@J WKHQ�

I�$� Y E 	 I FRQWLQXRXV RQ LWV GRPDLQ � I�$� � I
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/LP
[�$

I�[� Y E 	 I FRQWLQXRXV RQ LWV GRPDLQ � /LP
[�$
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3URRI $JDLQ� WKH VHFRQG VWDWHPHQW LV WKH VDPH DV WKH nUVW�
:H nUVW GHGXFH WKDW I LV FRQWLQXRXV RQ $� I�$� FDQ
W EH HPSW\ �EHFDXVH

>'RPDLQ(UURU@ �Y E�� VR IRU VRPH 8 � $ ZH KDYH WKDW 8 t GRP�I�� %HFDXVH I

LV FRQWLQXRXV RQ LWV GRPDLQ� LW IROORZV WKDW I LV FRQWLQXRXV RQ 8 DQG VR I LV
FRQWLQXRXV RQ $�

1RZ IURP /HPPD �� ZH WKHQ JHW WKDW I�$� LV SURSHU DQG FRQQHFWHG DQG
IURP WKLV DQG I�$� Y E LW IROORZV IURP WKH &RUROODU\ WKDW I�$� � I>E�@ � >Eb@ � EJ�
XW

7KHRUHP �

I�>D@� Y E 	 I FRQWLQXRXV RQ LWV GRPDLQ � I�>D@� � I
d
E�

e
�
d
Eb

e
� >E@ � EJ

/LP
[�>D@

I�[� Y E 	 I FRQWLQXRXV RQ LWV GRPDLQ � /LP
[�>D@

I�[� � I
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3URRI $JDLQ� WKH VHFRQG VWDWHPHQW LV WKH VDPH DV WKH nUVW�
%\ /HPPD �� ZH NQRZ >D@  >Db@B>D�@ DQG VR E\ /HPPD �� ZH FDQ FDOFXODWH

I�>D@�  I�>Db@� B I�>D�@�� %HFDXVH I�>D@� Y E ZH DOVR KDYH I�>Db@� Y E DQG
I�>D�@� Y E� 6R E\ WKH SUHYLRXV OHPPD ZH JHW I�>D�@�� I�>Db@� � I>E�@ � >Eb@ � EJ�
%\ FRQVLGHULQJ WKH YDULRXV FRPELQDWLRQV RI SRVVLELOLWLHV IRU WKHVH WZR nOWHUV ZH
nQG WKDW I�>Db@� B I�>D�@� � I>E�@ � >Eb@ � >E@ � EJ� ZKLFK SURYHV WKH VWDWHPHQW� XW

7KHRUHP � ,I $ � I>D@ � >D�@ � >Db@ � >�@ � >b�@J WKHQ�

I�$� Y >�@ 	 I FRQWLQXRXV RQ LWV GRPDLQ � I�$�  >�@

/LP
[�$

I�[� Y >�@ 	 I FRQWLQXRXV RQ LWV GRPDLQ � /LP
[�$

I�[�  >�@

3URRI )RU $ � I>D�@ � >Db@ � >�@ � >b�@J WKLV LV SURYHG MXVW OLNH 7KHRUHP ��
6LPLODUO\ IRU $  D WKLV LV SURYHG MXVW OLNH 7KHRUHP � �XVLQJ WKDW >�@ B >�@  
>�@�� XW

� /LPLWV LQ FRPSOH[ DQDO\VLV

,I WKH XQGHUO\LQJ VSDFH ; LV WDNHQ WR EH WKH FRPSOH[ SODQH & LQVWHDG RI 5�
WKHUH DUH D QXPEHU RI LQWHUHVWLQJ nOWHUV WKDW KDYH QR FRXQWHUSDUW RYHU 5� DQG
ZKLFK DUH XVHG LQ FODVVLFDO FRPSOH[ DQDO\VLV� )LUVW� RI FRXUVH� WKHUH LV WKH nOWHU
>&RPSOH[,QnQLW\@� JHQHUDWHG E\ WKH H[WHULRUV RI FORVHG GLVNV FHQWHUHG DW RULJLQ�
7KH QH[W TXHVWLRQ� RQH ZKLFK ERWKHUV HYHU\ EHJLQQLQJ VWXGHQW RI FRPSOH[ DQDO�
\VLV� LV WKLV� ZKDW LV WKH UHODWLRQ EHWZHHQ WKH WZR LQnQLWLHV RI UHDO DQDO\VLV DQG

��



WKH VLQJOH LQnQLW\ RI FRPSOH[ DQDO\VLV" ,V WKHUH RQH LQnQLW\� RU DUH WKHUH WKUHH
LQnQLWLHV� RU ZKDW" 1RWH WKDW WKH nOWHUV >�@ DQG >b�@ DUH QRW nOWHUV RYHU WKH
FRPSOH[ QXPEHUV� VLQFH WKH LQWHUYDOV ZKLFK FRPSRVH WKHP DUH QRW RSHQ LQ WKH
FRPSOH[ SODQH� +RZHYHU� WKHUH LV D CGLUHFWLRQDO LQnQLW\
 DW HDFK SRODU DQJOH t
LQ WKH FRPSOH[ SODQH� 7KH nOWHU >'LU,QnQLW\@ >t@ LV JHQHUDWHG E\ RSHQ VHWV ZKLFK
DUH q�QHLJKERUKRRGV RI D UD\ IURP 5HLt WR LQnQLW\ DW SRODU DQJOH t� 6SHFLnFDOO\�
LW LV JHQHUDWHG E\ VHWV RI WKH IROORZLQJ IRUP �IRU t n[HG� DQG 5 DQG q YDU\LQJ��

8�5�t� q�  I] � �U w 5�M] b UHLtM � qJ�

7KH GLUHFWLRQDO LQnQLWLHV DW DQJOHV � DQG { FRUUHVSRQG WR >�@ DQG >b�@� EXW
RYHU WKH FRPSOH[ SODQH WKHUH DUH DQ LQnQLW\ RI RWKHU VXFK LQnQLWLHV�� 7KH
TXHVWLRQ RI WKH UHODWLRQVKLS RI WKH GLUHFWLRQDO LQnQLWLHV WR >&RPSOH[,QnQLW\@ FDQ
QRZ EH SUHFLVHO\ DQG PDWKHPDWLFDOO\ UHVROYHG� HDFK RI WKHVH LQnQLWLHV UHnQHV
>&RPSOH[,QnQLW\@�
7KH nOWHU >'LU,QnQLW\@ >t@ FRUUHVSRQGV WR OLPLWV WDNHQ DORQJ LQnQLWH UD\V� 7KHUH

DUH VLPLODU nOWHUV FRUUHVSRQGLQJ WR OLPLWV WDNHQ DORQJ D n[HG GLUHFWLRQ WR D nQLWH
SRLQW� ,Q JHQHUDO� WKH GLVFXVVLRQ RI FRPSOH[ nOWHUV LV VLPSOLnHG �DV LV FRPSOH[
DQDO\VLV JHQHUDOO\� E\ FRQVLGHULQJ WKH 5LHPDQQ VSKHUH LQVWHDG RI WKH FRPSOH[
SODQH� *LYHQ D FRPSOH[ QXPEHU D� D VXLWDEOH URWDWLRQ RI WKH 5LHPDQQ VSKHUH
ZLOO FDUU\ WKH FRPSDFWLnFDWLRQ SRLQW� �D PHPEHU RI WKH 5LHPDQQ VSKHUH� RQWR
D� DQG WKH nOWHU >&RPSOH[,QnQLW\@ ZLOO EH FDUULHG RQWR WKH SXQFWXUHG �FRPSOH[�
nOWHU >D@� JHQHUDWHG E\ SXQFWXUHG GLVNV DERXW D� 7KH nOWHU >'LU,QnQLW\@ >t@ LV FDU�
ULHG RQWR D VLPLODU nOWHU FRUUHVSRQGLQJ WR UDGLDO OLPLWV DV ] DSSURDFKHV D IURP
D n[HG GLUHFWLRQ� :KHQ D LV D FRPSOH[ QXPEHU� ZH GHQRWH E\ D>t@ WKH nOWHU
FRUUHVSRQGLQJ WR OLPLWV DORQJ WKH OLQH SDUDPHWUL]HG E\ D� WHLt�
7KHUH DUH DOVR nOWHUV LQ EHWZHHQ >'LU,QnQLW\@ >t@ DQG >&RPSOH[,QnQLW\@� FRU�

UHVSRQGLQJ WR OLPLW DSSURDFKHV FRQVWUDLQHG WR D UDQJH RI DQJOHV UDWKHU WKDQ D
VLQJOH DQJOH� )RU H[DPSOH� D OLPLW DV ] DSSURDFKHV LQnQLW\ WKURXJK WKH XSSHU
KDOI SODQH� RU WKH nUVW TXDGUDQW� 5RWDWLQJ WKH 5LHPDQQ VSKHUH� ZH DUULYH DW
VLPLODU nOWHUV FRUUHVSRQGLQJ WR OLPLWV DV ] DSSURDFKHV D IURP LQVLGH D VSHFLnHG
DQJOH� /LPLWV RI WKLV NLQG SOD\ DQ LPSRUWDQW UROH LQ ERXQGDU\�YDOXH HVWLPDWHV�
)RU H[DPSOH� FRQVLGHU 3RLVVRQ
V SUREOHP� ZKLFK LV WR nQG D KDUPRQLF IXQFWLRQ
ZLWK VSHFLnHG ERXQGDU\ YDOXHV 
 RQ WKH XQLW FLUFOH� 7KH VROXWLRQ I LV GHnQHG
E\ D FHUWDLQ LQWHJUDO� DQG LV HDVLO\ SURYHG KDUPRQLF RQ WKH RSHQ XQLW GLVN� 2QH
WKHQ KDV WR SURYH WKDW ZKHQ D OLHV RQ WKH XQLW FLUFOH� I�]� FRQYHUJHV WR 
�D�
DV ] DSSURDFKHV D IURP ZLWKLQ WKH XQLW GLVN� %XW WR GR WKLV� OLPLWV WKURXJK D
UHVWULFWHG DQJXODU DSSURDFK DUH XVHG�
-XVW DV LQ WKH UHDO FDVH� WKH FDVH RI D OLPLW YDOXH F FDQ FRUUHVSRQG WR YDULRXV

SRVVLEOH nOWHUV� 5HFDOO WKDW LQ WKH UHDOV ZH KDYH IRXU SRVVLELOLWLHV� >D@� D� >D��@�
DQG >Db@� ,Q WKH FRPSOH[ FDVH WKHUH DUH LQnQLWHO\ PRUH SRVVLELOLWLHV� :H FDQ
KDYH DQ\ RI WKH YDULRXV nOWHUV GLVFXVVHG DERYH DV D SRVVLEOH OLPLW YDOXH� HQDEOLQJ
WKH OLPLW YDOXH WR FRQYH\ TXLWH VRSKLVWLFDWHG LQIRUPDWLRQ DERXW WKH ZD\ LQ ZKLFK
WKH IXQFWLRQ DSSURDFKHV WKH OLPLW� 2I FRXUVH� WKLV VDPH DLP LV VHUYHG E\ ELJ�2K

�,I ; LV D VXEVSDFH RI < � WKHUH LV D VHQVH LQ ZKLFK nOWHUV RQ ; FDQ EH HQODUJHG WR CFRUUH�

VSRQGLQJ
 nOWHUV RQ < � 7KH UHODWLRQV EHWZHHQ UHDO DQG FRPSOH[ LQnQLW\ DUH DQ H[DPSOH�

��



QRWDWLRQ� LQ DQ HYHQ PRUH GHWDLOHG ZD\� EXW WKH XVH RI YDULRXV W\SHV RI nOWHUV DV

OLPLW YDOXHV PD\ DOVR EH XVHIXO�

� /LPLWV LQ RWKHU VSDFHV

/LPLWV RI VHTXHQFHV DQG VHULHV DUH RIWHQ FRQVLGHUHG� LQ ZKLFK RQH ZDQWV WR WDNH

D OLPLW WKURXJK LQWHJUDO YDOXHV� VXFK DV LQ

OLP
Q��

)
Q��

)Q
 ~

�ZKHUH )Q LV WKH Q�WK )LERQDFFL QXPEHU DQG ~ LV WKH JROGHQ UDWLR�� 7KLV FRUUH�
VSRQGV WR WKH FDVH LQ ZKLFK WKH GRPDLQ VSDFH ; LV WKH QDWXUDO QXPEHUV 1� DQG
WKH UDQJH VSDFH < LV WKH UHDOV� 6R� ZH XVH nOWHUV RQ 1 XQGHU WKH OLPLW VLJQ� DQG
nOWHUV RQ 5 IRU WKH SRVVLEOH YDOXHV RI VXFK OLPLWV� 7KXV OLPLWV RI VHTXHQFHV IDOO
XQGHU RXU WKHRU\ QLFHO\�
8QLIRUP FRQYHUJHQFH FDQ DOVR EH WUHDWHG� E\ WDNLQJ WKH UDQJH VSDFH �IRU

H[DPSOH� WR EH &�>�� �@�� WKH VSDFH RI FRQWLQXRXV UHDO�YDOXHG IXQFWLRQV RQ >�� �@�
:KHQ GLVFXVVLQJ XQLIRUP FRQYHUJHQFH RI D VHTXHQFH� ZH ZRXOG WDNH WKH GRPDLQ
VSDFH WR EH 1� 7KH OLPLW YDOXH ZLOO UHnQH WKH SXQFWXUHG nOWHU >J@ ZKHQHYHU WKH
OLPLWLQJ VHTXHQFH GRHV QRW DFWXDOO\ FRQWDLQ WKH OLPLW IXQFWLRQ J DV D PHPEHU
�IURP VRPH SRLQW RQ�� %XW RQH PLJKW FRQVLGHU WKH nOWHUV >J�@ DQG >Jb@ JHQHUDWHG
E\ CKDOI�QHLJKERUKRRGV
 RI IXQFWLRQV JUHDWHU WKDQ J �RU OHVV WKDQ J�� 7KHVH FDQ
VHUYH DV OLPLW YDOXHV ZKHQ WKH FRQYHUJHQFH LV CIURP DERYH
 RU CIURP EHORZ
�
,I RQH ZDQWV WR FRQVLGHU XQLIRUP OLPLWV RI FRPSOH[�YDOXHG IXQFWLRQV� WKHQ

WKHUH DUH nOWHUV LQ WKLV IXQFWLRQ VSDFH JHQHUDOL]LQJ WKH YDULRXV nOWHUV ZH FRQVLG�
HUHG RYHU WKH FRPSOH[ QXPEHUV�
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