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1 Introduction

Enneper’s surface was discovered in 1863 by Alfred Enneper, who was 33 at the
time. This was seven years after his Ph. D. under the supervision of Dirichlet



at Gottingen, where Enneper lived his entire life, from student to Professor
Extraordinarius.

Enneper’s surface is defined in the entire complex plane, so it is an example
of a complete minimal surface (no boundary). However, we are interested in
considering portions of it, defined in a disk of radius R. Then it is bounded by
“Enneper’s wire”,

Rcosf — %R?’ cos 30
Ir(#) = | —Rsinf — 1R3sin30
R? cos 26

The same formula, with r in place of R, defines Enneper’s surface in polar
coordinates.

2 Weierstrass representation

To show that Enneper’s surface as defined above is indeed a minimal surface,
we show that it arises from the Weierstrass representation if we take f(z) =1
and g(z) = z. This gives us
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I
=
@
~

—~

I
+ W=

=

I\

w
~

rcosf — %r?’ cos 30

—rsinf — %r?’ sin 36
r2 cos 20

We now compute the unit normal in terms of the Weierstrass representation.
We have (see [2] for details)
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For Enneper’s surface we have g(z) = z, so
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2r cos 6

N = —— | 2rsinf 2
r2 41 21 ()

3 Non-parametric form

A minimal surface is said to be in non-parametric form if it is in the form
z = f(z,y). The following lemma gives a sufficient condition for a minimal
surface to be expressible in this form.

Lemma 1 Let X be a minimal surface bounded by a Jordan curve I'. Suppose
I" projects one to one onto a curve v in the xy plane. Suppose the unit normal
N to X is never horizontal in the interior of its parameter domain. Then X is
non-parametric over the interior of .

Proof. The condition that N is nowhere horizontal implies, by the implicit func-
tion theorem, that the projection from X to the zy plane is locally invertible.
Since the coordinate functions of a minimal surface are harmonic, that projec-
tion induces a locally conformal map from the parameter domain of X to the
xy plane. The desired conclusion then follows from the following theorem.

Theorem 1 Let f be a holomorphic map from the closed disk B onto B, and
suppose f is one to one on the boundary. Then f is a conformal map, i.e., there
are no zeroes of the derivative f’.

Remark. Radé [10] (p. 81) attributes this theorem to Darboux, with a reference
to a German textbook on function theory that was unavailable in 1967 and is
still unavailable in 2015. Darboux’s theorem, as cited by Radd, only assumes
continuity at the boundary rather than analyticity. In view of the apparent
unavailability of Darboux’s proof, we gave a proof of the analytic case in [4],
which we do not repeat here.

Now we are ready to apply these results to Enneper’s surface.

Lemma 2 Let X be the portion of Enneper’s surface defined in the disk of
radius R. Then X is non-parametric if and only if R < 1.

Proof. Since the function g in the Weierstrass representation is the stereographic
projection of the unit normal, and for Enneper’s surface we have g(z) = z, the
unit normal N (z) to Enneper’s surface is horizontal exactly when |z| = 1. Hence
for R <1 the lemma above applies, so X is non-parametric if R < 1. Conversely,
if R > 1, one can show that there are vertical lines through I'g meeting it in
two points. These equations are solved in detail in [4] (for another purpose).
That completes the proof.

A famous sufficient condition for non-parametric form is given in the follow-
ing theorem.



Theorem 2 (Radd) Let the real analytic Jordan curve T' have a monotonic
strictly convex projection vy on the xy plane. Then any minimal surface bounded
by T can be expressed in nonparametric form z = f(x,y).

Proof. Let X be a minimal surface bounded by I'. By [7], X is real analytic
up to the boundary. Suppose, for proof by contradiction, that X has a vertical
tangent plane P at the point p. Then the intersection of P with (the range of)
X consists of 2n real analytic arcs emanating from P at equal angles, for some
n > 2. But since the projection of I' is convex, P meets I' in at most two points,
contradiction. Hence X has no vertical tangent plane. Then by the previous
theorem, X is expressible in non-parametric form over the interior of ~.

Remark. Radd’s theorem is true without the assumption of real-analyticity,
and with possibly non-strict convexity of the projection. Radd’s own proof
works without strict convexity, although he does not point that out. We do not
give the proof under those weakened hypotheses.

3.1 Non-parametricity with respect to the zy plane

We investigate the projection of Enneper’s wire on the xy plane. It turns out,
the result is not as good as the one obtained in Lemma 2, in the sense that we
only get R < 1/+/3, but we get a stronger result, in that uniqueness follows.

Lemma 3 For R < %, the projection of Enneper’s wire I'r on the xy plane

18 convex. Hence I'gr bounds exactly one minimal surface.
Proof. Let v = (X,Y) be the projection of T" onto the zy plane. Then

() = Rcosf — 1R® cos 30
MW= | ~Rsin6 — 1R3sin 30

The curvature of « is given by

1 Xo Xoo
5 oran | Yo | x| Yoo
XFH77 | 0
which is zero exactly when
[ X Xoo
0 = Yo | x| Yoo
| O 0
[0
= 0

| XoYoo — Yy Xo0

Therefore we need to compute the least R such that for some 6 we have XYy —
Yy Xg9 = 0.



Now we just compute.
0 = XopYyo — Yo Xoo
(—rsinf + 73 sin 30)Yyy — (1 cos @ + > cos 30) Xgg
(—Rsinf 4+ R®sin30)(Rsin 0 + 3R%sin 30) — (—Rcosf — R> cos 30)(— R cos 6 + 3R> cos 36)

Canceling R? from both sides we have

0 = (—sinf+ R*sin30)(sin® + 3R*sin 30) + (cos @ + R* cos 36)(— cos O + 3R? cos 30)
= 1+ 2R*(—sin30sinf + cos 360 cosh) — 3R*
0 = 1+2R%cos46 —3R*

For small R this expression is positive. It takes its minimum (for fixed R) when
cos40 = —1. That minimum is 1 —2R? —3R*. This factors as (1—3R?)(1+ R?),
so its only positive zero is R = 1/\/§

It follows that not only Enneper’s surface, but any minimal surface bounded
by T'g, is non-parametric, when R < 1/ V/3. Since there is a maximum prin-
ciple for the difference of two solutions of the non-parametric minimal surface
equation, uniqueness follows. That completes the proof.

3.2 Non-parametricity relative to the yz plane

Let C be the projection of Enneper’s wire on the yz plane, for —7w/2 < 0 < 7/2,
plus the two horizontal line segments y = £x, z = 0 connecting Enneper’s wire
to the origin.

Lemma 4 C bounds exactly one minimal surface, namely a portion of En-
neper’s surface, and it is non-parametric with respect to the yz plane.

Proof. We use Radd’s convex-projection theorem. However, in this case the
projection contains a straight line, so it is not strictly convex. We consider the
projection of C' on the zox3 plane; the projection of C'is one to one, as required
by the hypothesis of the convex-projection theorem, and we claim it is convex.
The curved part is given by the equations
+(6) = —Rsin@—%dsin?)@
R? cos 20

Here —7w/4 < 0 < w/4. A plot of this curve for R = 1.2, and —7/2 < 0 < 7/2,
is shown in Fig. 1. Note that the curve appears to be convex for € in this range,
not just in [—m/4,7/4]. The computation below confirms that result.

It suffices to show that the curvature vector of this curve always points
inwards. Let U(#) be the unit tangent to v at y(0). Then x(0) = Uy and the
inward normal NN is obtained by rotating U by 90° counterclockwise. We must
show that - N > 0. This requires some computation, but it is considerably
shorter than the proof that the total curvature of Enneper’s wire is less than
6m. We do the first part of the computation in Sage, writing r for R and t for
0:
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Figure 1: Part of the projection of I'r on the xox3 plane, for R = 1.2. The
curve is convex.

r,t = varCr,t’)
assume(r > 0)
X = vector((r * cos(t) - (1/3)* r~3 * cos(3*t),
- r x sin(t) - (1/3) *r~3 * sin(3*t),
"2 *cos(2*t)))
gamma = vector ((X[1],X[2]))
U = gamma.diff(t)/abs(gamma.diff(t))
kap = U.diff(t)
norm = vector((-U[1],U[0]))
f = kap.dot_product(norm) .trig_expand() .trig_simplify()

The result of this (replacing ¢ by )

(3)

= 3(4r3cosf sin® O 4 (r3 4 1) cos 0)
~ 16rtsin? 0 4 r4 — 8(rd — r2)sin? 0 + 2r2 + 1

Our aim is to show that f > 0. We begin by showing that the denominator is
never zero. The denominator is a quadratic in sin?#. Writing it explicitly as
such a quadratic with s = sin? 6, it is

16r1s% — 8(r* —r?)s + (r2 +1)%

The discriminant of that quadratic is

D = 64(r* —rH)? — 64r*(r? +1)?
= 64rt((r?—1)2 - (r2 +1)?)
= 64rt(—4r?)

—2567°
< 0

Since the discriminant is negative, the denominator of (3) is never zero, and
hence always has one sign as a function of sin? 6, for each 7. When 6 = 0, the



denominator is (72 + 1)2, which is positive. Hence the denominator is always
positive. Now consider the numerator, which is

4cos@(4r3sin® 0 + r® 4+ 7).

This is a positive factor times cosf. But since —7/4 < 6 < w/4, we have
cosf > 0. In fact, as mentioned above, it suffices to assume —7/2 < § < 7/2.
Hence the numerator is positive. Since both the numerator and denominator of
(3) are positive, f is positive. That completes the proof.

4 The second variation of D*E
Consider the kernel equation for Enneper’s surface in the disk of radius 1,
k. X,=0
or in real form with k = ¢ Xy,
Xo((¥Xp)r — (v X;)g) = 0.

We will show that ¢ = sin(26) solves this equation. On S* we have (even when

t#£0)

k= vXp
sin20 Re (izX,)
1 i(z — 2%)
2422
1 —iz® 4+ iz — iz + iz
= Zi(ZQ—ZQ) 23 —z—z-33
2i2% — 2iz?
L[ =) -t 2 2
= —i(22 =22 (23 + 2+ 2 + 23)
| (22— 2%)(22% — 22%)
1 [ 25— 28— 42
= —i(2% + 23 — 23 — 29)
| —22* +4-27*

This expression for k is harmonic in the entire plane since evidently Ak = k.5 =
0. Differentiating with respect to z we have (even when ¢ # 0)

1 52% — 322
k, = 1 —5iz* — 3322 (4)
—82°



Taking the dot product with X, we have, when ¢t = 0,

1_524—32'2 i 1—22
kX, = — | —bhiz*—3i22 |- | i(1+2?)
4 i —823 ] 2z
1_524—32'2 [1— 22
= 2| 52* 4322 || 1422 =0
4 | —823 | 2z

Similar calculations show that ¢ = a+bcos 8+ csin 6§ also yields a solution; this
three-parameter family accounts for the conformal directions, and ¥ = 2cos6
represents a non-trivial kernel direction.

That k is the only kernel direction (orthogonal to the conformal direc-
tions) can be shown directly by writing a Fourier series for an unknown ¢ =
> anz™ on S and showing 1 must have the form a + bcosf + csinf +
dsin 20, which is how we found v = sin 26 in the first place.

We also give a more informative proof that k is the only non-trivial kernel di-
rection. The function g(z) in the Weierstrass representation is the stereographic
projection of the unit normal N, and for Enneper’s surface g(z) = z. Hence,
the Gaussian image of Enneper’s surface in the unit disk is exactly the upper
hemisphere. Hence the first eigenvalue of D2A(X) is 2, so the kernel of D2 A(X)
is one-dimensional, as the eigenspace of the least eigenvalue. But every member
k of the kernel of D?E(z) gives rise to a member ¢ = k- N of the kernel of
D?A(x), and the map k — ¢ is one to one.

For R < 1, the Gaussian area of Enneper’s surface over the disk of radius R
is contained in a hemisphere, so the critical eigenvalue is more than 2 and the
surface is a relative minimum of area. For R > 1, the Gaussian area contains a
hemisphere, so the surface is not a relative minimum of area. Hence R = 1 is
the only value for which the second variation has a kernel.

5 The third variation and fourth variations

5.1 The third variation

We now calculate the third variation of Enneper’s surface (defined in the unit
disk). We consider a variation X (¢) defined on S! by

X = Xo(ei(9+tw+0(t2)))

where 1(0) = sin260 and the subscript in Xg indicates ¢ = 0. Differentiating
with respect to t we have

X, = (4 + O(t)) Xo.

Thus k = X; lies in the kernel of D?E(X,) when t = 0.



Lemma 5 The third variation of Enneper’s surface is zero. Specifically, with
the variation X (t) given above, we have

PE

| =0

t=0

Proof. We have (as shown in [3] following [12])

3E
%? =4Re / 2k dz + 4 Re / 2(kg) . X 2 dz (5)
t=0
In the case of Enneper’s surface, we have
2 _ -2
1 =sin26 = i
21

where z = ¢, By (4) we have k, = z2v for some holomorphic vector v. Hence
vk, is holomorphic in the unit disk. (6)

Therefore by Cauchy’s theorem, the first integral in (5) is zero.
We now work on the second integral. We claim that also vanishes because
the integrand is holomorphic in the disk. We have

ko = 2Re (izk,)

Therefore

(Vkg). Y2 Re (izk,)

= 2Re (izvbk,)

Since 1k, is holomorphic, its complex derivative is half the complex derivative
of its real part:

(ka)z = (szjkz)z
Putting that into the second term of (5) we have (since the first term is zero)

o
ot3

= 4Re /z(izwkz)zszdz

t=0
Integrating by parts we have

OFE
ot3

= —Re /(zXzz/J)z(izwkZ)dz

t=0

But ¥k, is holomorphic, as shown in (6); and the z-derivative of any harmonic
function is holomorphic, so (2X,), is holomorphic. Then the entire integrand is
holomorphic. Hence the integral is zero, by Cauchy’s theorem. That completes
the proof of the lemma.



5.2 The mixed third variations of Enneper’s surface

We now consider the mixed third variation, where k = ¢ Xy is the kernel direc-
tion, and h = ¢Xjy is any tangent vector weakly orthogonal to the conformal
directions.

Lemma 6 Let X be the portion of Enneper’s surface bounded by Enneper’s wire
with R = 1. Then the mized third variations of X are zero. That is,

D?E(X)[k,k,h] =0
for any tangent vector h.

Proof. The proof divides into two cases: when h is a conformal direction,
and when h is (weakly) orthogonal to all the conformal directions. Weakly
orthogonal means that,

((h, £)) ::/0 ﬂhr(ew)é(ei‘g)dﬁ =0

for the three conformal directions £. These two cases suffice to prove the lemma,
since the third variation is a trilinear operator, so if k is the kernel direction,
then any other tangent vector h can be written as j 4 ¢, where ¢ is a conformal
direction, and & is weakly orthogonal to the conformal directions. Then we have

D3E(X)[k,k,h] = D3E(X)[k,k, j] + D*E(X)[k,k,0] =040 =0.

Since E(X) is constant along conformal orbits, we have D3E(X)[k, k,{] =
D2E(X)[k,k] = 0, when ¢ = ¢$X, is a conformal direction, and k = 1) X, is the
kernel direction, by considering the path

(X.t,5,0) = X (0 + tv + 5).

Then
E(X) = D?E(X)[k, k]t?

so taking the partial derivative with respect to s, we get 0; but this partial
derivative is by definition the mixed variation D*E(X)[k, k, ]. That completes
the proof in case h is a conformal direction.

Now we take up the second case. Let h = ¢ Xy be orthogonal to the conformal
directions. Then we claim zh, is holomorphic in the disk, i.e., h, has no constant
term, so h has no linear term. We prove this by calculating the weak inner
product of h with the conformal directions. We have

0 = ((h¢))
_ /Mde
- / 2 Re (+h. )0 df

10



2

= 2Re/ zh € df
0

= 2Re/ zhzﬁk
St 12

= —2Rei/hz€dz

We note that X, has a constant term (it suffices here to use the explicit formula
(1), but that is consequence of the boundary being a Jordan curve). Then taking
£=2cos0Xy =2Re((z+ 2)2X.), we find that

Rei/ihz dz = 0.
Taking £ = 2sin 6.Xy we similarly find

Imi/fhz dz = 0.

/ZthZZO

and by Cauchy’s theorem, zh. is holomorphic. Since 2¢p = —i(22 — 22), we have
221 = —i(2® — ), and it follows that

Hence

z2ph, is holomorphic (7)

Using (7), we can calculate the mixed third variation much as we did the
one-directional third variation. Our starting point (see [3]) is the formula

D*E(X)[k,k,h] = 4Re/zkzhzwdz—i-ﬁlRe/z(z/)hg)zXzi/)dz

For Enneper’s surface, as shown above, ¥k, is holomorphic in the disk. Since
the z-derivative of any harmonic function is holomorphic, the first term has a
holomorphic integrand, so by Cauchy’s theorem, it is zero. Hence

D?*E(X)[k,k,h] = 4Re /Z(?/Jhg)zXz1/J dz
Expressing hg in complex form as 2 Re (izh,) we have
D3E(X)[k,k,h] = 4Re /(Re (2290h.)). (2 X ,¢) dz

Since zth, is holomorphic, as we proved in (7), its complex derivative is twice
the derivative of its real part, so we have

D¥E(X)[k,k,h] = 4Re / (26h.). (2 X 40) dz

11



Integrating by parts we have
D3E(X)[k,k,h] = —4Re / (290h.)(2X 1)), dz

Since the z-derivative of any harmonic function is holomorphic, the second factor
in the integrand is also holomorphic, so the whole integrand is holomorphic.
Hence the value is 0, by Cauchy’s theorem. That completes the proof.

Remark. It was necessary to integrate by parts because z1 X, is not holo-
morphic; it contains a term in Z.

Remark. Ruchert [11] proved that Enneper’s wire with R < 1 bounds a
unique minimal surface; hence Enneper’s surface (defined in the disk of radius
R < 1) is a relative minimum of area (and hence also of E). It follows that
all the mixed third variations D3E(X)[k, k, h] vanish, since otherwise we could
construct a path X along which the third derivative Eyy(X) would be nonzero,
and hence X would not be a relative minimum. Namely

X(t,0) = X(0 + t + to)

where k = ¥ Xy is the kernel direction and h = ¢ Xy is any cokernel direction
in which the mixed third variation is not zero. But as shown above, we can
see by direct calculation that these mixed variations vanish; and indeed, we will
also calculate the fourth variation and prove directly that Enneper’s surface is a
relative minimum when R = 1; and then we will use that fact to give a different
proof of Ruchert’s uniqueness theorem.

5.3 The fourth variation of Enneper’s surface

We will compute the fourth variation of Enneper’s surface along the path given
by

X(t,0) = Xo(0 + t) with ¢ = 2sin 26
We write k£ = Xy = 1 Xy. Since ¢ does not depend on ¢, we have k; = ¥ Xy =

1ky. The following formula for the fourth variation in a direction belonging to
the kernel of the second variation is given in [3].

0'E
ot4

= SRe/zkzkztwderélRe/zktthzd)dz
t=0
+ 12Re / 2k, X .1 dz + 8 Re / 2k24; dz

Since we have assumed 1; = 0 the last two terms can be dropped:

o5
ott

= 8Re/zkzkztwdz—l—llRe/zktthzz/)dz

t=0

12



We have i
P =sinf = 5(—2’22 +iz7?),
By (4), k. is divisible by 22. Hence k.1 is holomorphic. Since the z-derivative

of any harmonic function is holomorphic, and k; is harmonic, so k,; = ks, is
holomorphic. Hence the first term also vanishes:

o'
ott

= 4Re/zkttZszdz
t=0

Recall from (4) that (even when ¢ # 0)

52% — 322
k, = = | —bhiz*—3iz?
—8z3

To use this equation when ¢ # 0 we should put z = e'(®t*%) 5o we have
zr = Wz

Differentiating &k, with respect to t we obtain

5z% — 322
1
ke = Zg —5iz* — 3iz?
t —823
- 2023 — 62
= Zt —20i23 — 6iz
—2422
i 2023 — 62
= sz —20iz — 6iz
—2422
. 2 2 20z — 62
- idtz 2,2 2| —20i2% — 6iz
7

—92472

2020 — 62% — 2022+ 6
—20i2% — 6i2* 4 20422 + 61
—24z% + 24

1

This came out holomorphic, as it had to, since it is also k;, and k; is harmonic.
Now differentiate again with respect to ¢:

1202° — 242% — 402

Foort % —120i2° — 24i2® + 40iz
—962°
iz 1202° — 242% — 40z

—9623

13



i a2 2 12025 — 2423 — 40z
= 3 o ¢ —120i2° — 24423 + 40iz
t —9623

12028 — 242% — 1602* + 2422 + 40

= o | —120i2° — 24028 — 80iz* + 242 — 40i
61 _9626 + 9622

For Enneper’s surface we have

Z—Z3

zX, = iz+1i2°
222

Taking the dot product with the previous equation, we have

1 12028 — 2426 — 1602* + 2422 + 40 z— 23
2k X, = T —120i28 — 24425 — 80iz* + 24422 — 407 | - | iz 423
—9625 + 9622 22*
= 52+ 0(2?)

Multiplying by v we have
2_ -2
2k X0 = (bz+ 0(22))%
= 5iz7 '+ 0(1)

Integrating this around S', the O(1) part is holomorphic, so it integrates to 0,
and we have

O*E
s . = 4Re/zktthzz/sz
= 4Re/idz
z
51 .
= 4Re o by Cauchy’s residue theorem
7r
_ 10
oo
We have proved
0*E
— > 0 8
ot |,_, (®)

5.4 Relative minimum for R =1

We need the following theorem, which is discussed in [3].

14



Theorem 3 Let u be a minimal surface of disk type bounded by a Jordan curve
T'. Suppose that D®*E(z) has a one-dimensional kernel (aside from the conformal
directions) and that for some one-parameter family X (t) of harmonic surfaces
bounded by T, with X (0) = u and X;(0) = k in the kernel of D*E(z), the third
and fourth derivatives of E(X(t)) with respect to t are respectively zero and
positive. Then u is a relative minimum of Dirichlet’s energy.

Corollary 1 Enneper’s surface for R =1 is a relative minimum of area.

Proof. Let u be Enneper’s surface for R = 1, and let ¢ = sin26. Let X (¢,60) =
X (0 + typ). We have calculated the required second, third, and fourth deriva-
tives of E(X(t)) in the previous sections, and they meet the hypotheses of the
theorem. That completes the proof.

6 Curvature

6.1 Geodesic curvature of Enneper’s wire

In this section we compute the geodesic curvature (with respect to Enneper’s
surface) of Enneper’s wire I'r. We note that polar coordinates (r,6) are not
isothermal parameters for Enneper’s surface; so we need £ = XZ and G = X2
rather that just W = v/EG. The element of geodesic curvature is given by a
triple product:

kgds = E7'[Xp, Xpg, N]db

where by definition [a,b,c] =a x b - c.
For Enneper’s surface we have

rcosf — %r?’ cos 30
X = —rsinf — %7"3 sin 360
r2 cos 20

Nitsche [9], p. 438, says “A straightforward computation yields the expressions
pertaining to Enneper’s surface,” and gives the following results (with A in place
of 6):

E = r*(1+r%)?
1
XN = §r2(3+r2)(1+r2)*1cos2A (9)
E Xy, Xp9, N] = (1+3H(1+r%)7! (10)
1 2
X X, = §T2(1+T2)(3+7"2)—§T4COS22)\

We used the mathematical software Sage to check these results. Here is the
program we used:

15



r,t = varCr,t’)
assume(r >= 0)
X = vector((r * cos(t) - (1/3)* r~3 * cos(3*t),
- r *x sin(t) - (1/3) *r~3 * sin(3*t),
"2 *cos(2*t)))
Xtheta = X.diff(t)
Xthetatheta = Xtheta.diff(t)
Xr = X.diff(r)
XrDotXtheta = Xr.dot_product(Xtheta).expand().trig_simplify()
assert (XrDotXtheta == 0)  ## If there were a typo this might fail
G = Xtheta.dot_product(Xtheta) .expand().trig_simplify().factor()
E = Xr.dot_product (Xr) .expand() .trig_simplify() .factor()
Wsquared = (E*G).expand().simplify().factor().simplify()
W = sqrt(Wsquared) .canonicalize_radical().factor()
N = Xr.cross_product(Xtheta)
for i in range(3):
N[i] = ((N[i].expand())/W).trig_simplify()
AbsN = abs(N).full_simplify()
assert (AbsN==1)
TripleProduct = Xtheta.cross_product(Xthetatheta) .dot_product (N)
TripleProduct = TripleProduct.expand().trig_simplify().factor()
CurvatureElement = E~(-1)*TripleProduct
XdotXr = X.dot_product(Xr).expand().trig_simplify().factor()
XdotXr = XdotXr.reduce_trig().factor()
XdotN = X.dot_product(N).expand() .trig_simplify().factor()
XdotN = XdotN.reduce_trig().factor()
print("%s %s" %("E = ",E))
print("%s %s" %("G = ",G))
print("%s Ys" %("W = ||’w))

print("%s %s" %("X . N = ",XdotN))
print ("%s %s" %("CurvatureElement = ",CurvatureElement))
print("%s %s" %("X . Xr = ",XdotXr))

print("%s %s" %("G = ",G))

To run this program, cut and paste it into a file, and load (or attach) that
file to a Sage terminal session. The output is

E= (r/2 + 1)°2

W= (r"2 + 1) 2%r

X . N = 1/3%(r"2 + 3)*r " 2xcos(2*xt)/(r"2 + 1)
CurvatureElement = (3*r~2 + 1)/(r"2 + 1)

X . Xr = 1/3%(r"4 - r~2*cos(4*t) + 3*r~2 + 3)*r

The Sage program thus confirms Nitsche’s calculations of E, the curvature el-
ement, and X - N, but does not agree with his result for X - X,.! We do not
need that result in this section anyway.

IThe two results cannot be equal since for large r, Nitsche’s result is asymptotic to 76,
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Now we have all the ingredients to calculate the geodesic curvature Cg of
Enneper’s wire I'g with respect to Enneper’s surface:

27
Cr = / kg ds
0

2m

E_l[Xg,ng,N] db

0
9 3r2 +1
= m—
r2+1
as is confirmed by adding one line to the Sage program above:

GeodesicCurvature = integral (E”(-1)*TripleProduct,t,0,2*pi)

When r = 1 we have C; = 4w. The geodesic curvature is a monotonic function
of r. To prove this, we show that its derivative is positive. Namely,

MonotonicTest = GeodesicCurvature.diff (r).full_simplify().factor()

produces
0 8nr

37“07’ C(r241)2’
which is clearly positive.

It follows that for R < 1, I'g has geodesic curvature less than 47, and hence,
by the Gauss-Bonnet theorem and the theorem of Barbosa-do Carmo, the least
eigenvalue of D?A(X) (over the disk of radius R) is more than 2, so Enneper’s
surface is stable for R < 1.

6.2 Total curvature of Enneper’s wire

Lemma 7 The total curvature of Enneper’s wire I'g is given by

1 71'/2
Cr = SR / V1 —u2sin®0do
0

R2+1u
where

Proof. The curvature of a curve I' defined over the circle of radius R is given in
terms of the unit tangent Ty by

x(0) = [Tol
We have
Iy
T = —
Tl
while Sage’s result is asymptotic to r®. Since (for large r) we have X = O(r3), we have

» = 0O(r?) and X - X, = O(r%), so Nitsche’s result cannot be correct.
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Finally, the total curvature is given by

2
Cr = / K(0) df
0

We compute « using Sage as follows (the code repeats the definition of Enneper’s
wire, so it can be cut-and-pasted on a standalone basis):

r,t = varCr,t’)
assume(r > 0)
X = vector((r * cos(t) - (1/3)* r~3 * cos(3%*t),
- r % sin(t) - (1/3) *r~3 * sin(3*t),
r-2 *cos(2*t)))
Xtheta = X.diff(t)
AbsXtheta = abs(Xtheta)
T = (1/AbsXtheta) * Xtheta ## unit tangent
kappa = abs(T.diff(t))
kappa = kappa.expand().trig_reduce().canonicalize_radical()
print (kappa)

(We recommend the reader who is not expert in sage to compare the results
obtained with trig reduce, trig-simplify, and trig_-expand in the above
script.) The output is

sqrt(9*r~4 + 2*xr~2*cos(4*t) + 8+r"2 + 1)/(r"2 + 1)
or, properly typeset,

1
Ko= Jr1\/97“4—1—27“2(:05(46’) +8r2+1

Write cos46 as 1 — 2sin? 20:

1
ko= T2+1\/9r4 — 4r25in?260 + 1072 + 1

(I was not able to get Sage to take that step.) Put
w:=2r(1+10r% + 9r*)~1/2

Then

2r 1
K= 21— u2sin®0
r2+1u
Integrating from 0 to 27 we obtain the desired total curvature. Since the inte-
grand is a function of sin §, we can change the interval of integration to [0, 27]
if we multiply by 4. That completes the proof of the lemma.

The integral is E(u), the complete elliptic integral of the second kind. There-
fore, it can only be evaluated numerically. Adding the line
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Curvature = integral(kappa,t,0,2*pi)

to the Sage script above causes Maxima (the calculus engine of Sage) to crash,
as of Sage version 6.5. So let us compute a table of its values. The following
lines of Sage will do the job (tacked onto the above program for computing ):

Curvature = lambda r : numerical_integral (kappa(r=r),0,2*pi) [0]
for i in range(1000):

R=0.8+ 0.1%1

print ("%1f %1f" % (R,Curvature(R)/pi))

The output is

.800000
.900000
.000000
.100000 4.417379
.200000 4.574703

3.814841
4
4
4
4
.300000 4.713388
4
4
5
5
5

.038869
.239358

.400000 4.835538
.500000 4.943161
.600000 5.038096
.700000 5.121989
.000000 5.320974
.000000 5
.000000 5
.000000 5.996748
.000000 5.998111
.000000 5.998768

5

5

5

5

N, P RrRRPRRPL,RPL,RPROO

-
N

.976998
.993126

o O WN
N NDNNDN

.000000 5.999133
.000000 5.999357
.000000 5.999504
.000000 5.999606

© 00 N
N NN

Corollary 2 The total curvature of Enneper’s wire is a monotonically increas-
ing function of R, whose limit at infinity is 67.

Proof. Since the integrand is bounded, we can take the limit of Cz as R goes
to infinity straightforwardly; the integrand tends to 1 and the integral to 7/2,
while the part outside the integral tends to 12. Hence the limit is 67 as claimed.
The monotonicity, however, is not so easy (and is not stated in [9]).

On the way to deriving Nitsche’s formula for C'r given in the previous lemma,
one finds this equation:

™ ORT £ 2RZ cos 40 + 8R2 + 1
= do 11
Cr 0 R2+1 (11)
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This form seems slightly more convenient to work with. To prove the mono-
tonicity, it suffices to show that the derivative of the integrand is positive. We
have

8(\/9R4+2R200849+8R2 + 1)

OR R%+1
2 (9R3 + Rcos40 + 4R) 2RVIR* + 2R? cos 46 + 8R? + 1
(R2 4+ 1)VIR* + 2 R2cos46 + 8R? + 1 (R2+1)

and, as Nitsche would say, a direct computation shows that this is positive.
Here are a few lines of Sage code that produce (11).

r,t = varCr,t’)
assume(r > 0)
X = vector((r * cos(t) - (1/3)* r~3 * cos(3*t),
- r % sin(t) - (1/3) *r~3 * sin(3*t),
r-2 *cos(2*t)))
Xtheta = X.diff(t)
AbsXtheta = abs(Xtheta)
T = (1/AbsXtheta) * Xtheta ## unit tangent
kappa = abs(T.diff(t))
kappa = kappa.expand().trig_reduce().canonicalize_radical()
print (kappa)

6.3 The ellipsoid and the curvature vector

Lemma 8 Enneper’s wire lies on an ellipsoid E, and the curvature vector of
Enneper’s wire always points into E (and is never tangent to F).

Proof. We write 'T, 2T, and I for the components of I' = I'g. To exhibit E, it
suffices to find constants ¢ and d such that

1112 + 21‘\2 +C2(3F)2 — d2.
That is
1 . 1 .
(Rcos — §R3 cos 30)% 4+ (—Rsin — §R3 sin30)% + c?(R? cos 20)> = d?

Simplifying, we have

o RS 2R* 2pd 2 2

R +?—‘rT(SIHGSIDSQ—COSQCOS?)Q)—FCR cos“20 = d
RS 2R*

R%* + o + —5co8 20 + *R*cos?20 = d?

This will work if ¢* = 2/3 and d*> = R?+ R5/9. That completes the construction
of E.
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Next we compute the inward normal M to E at the point T'g(6). That is
just minus the gradient of the function on the left of the implicit equation of
the ellipse, namely

—2x

2
~V(2* +y* + §z2) = —ay
-2z

We put in the components of 'y for z, y, and z, obtaining

—2Rcosf + %R3 cos 30
M = | 2Rsinf+ 2R®sin 30
f%R2 cos 260

Let x be the curvature vector of Enneper’s wire. We compute & - M using the
following Sage code (in which we write ¢ for 6):

R,t = var(’R,t’)
X = vector((R * cos(t) - (1/3)* R"3 * cos(3%*t),
- R *x sin(t) - (1/3) *R"3 * sin(3*t),
R™2 *cos(2*t)))
Xtheta = X.diff(t)
T = 1/(abs(Xtheta)) * Xtheta # unit tangent
kappavector = T.diff (t)
EllipsoidNormal = vector ((-2*R*cos(t) + (2/3)*R"3*cos(3*t),
2+%R*sin(t) + (2/3)*R"3 * sin(3*t),-(4/3)*R"2%cos(2%t)))
test = EllipsoidNormal.dot_product (kappavector)
test = test.trig_reduce().canonicalize_radical()
# that is much better than trig_simplify()!
print (test)

The result is

5 _op3 _
o M — 2\ 3R — 2R*(3 cos 460 2)+3R.
3 R +1

As a function of 6, this has its minimum when cos46 = 1. In that case the value
of the numerator is 3R° — 2R3 + 3R. This is greater than 3R(R* — 2R? + 1) =
3R(R? —1)? > 0. It follows that k- M is positive. That completes the proof of
the lemma.

7 Enneper’s wire and branch points
Theorem 4 (Rado, Nitsche, Meeks) Enneper’s wire I'g does not bound any

branched minimal surface for R < /3. More generally, I'r does not bound any
minimal surface with self-intersections.
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Proof. By [6], T'r does not bound a minimal surface with a false branch point.
For R < 1, T'r has a starlike projection. But that implies it cannot bound a
minimal surface with a true branch point. See §91 and §384 of [9]. A minimal
surface with a true branch point has lines of self-intersection emanating from
the branch point [9], p. 7, so it suffices to show that I'r does not bound any
minimal surface with self-intersections. That is true of any smooth Jordan curve
lying on the boundary of a convex body, according to [8]. Enneper’s wire lies
on an ellipsoid, so it qualifies. That completes the proof.

8 Ruchert’s uniqueness theorem

We follow [9], p. 437, in the computations of geodesic curvature and area, but
we finish the proof in a different way. (In Nitsche’s book, X is the unit normal,
for which we use N.)

We start by considering an immersed minimal surface X bounded by a real-
analytic Jordan curve I'; and another immersed minimal surface Z bounded by
the same curve. We suppose X and Z are defined on S' and we do not distin-
guish notational between these functions on S' and their harmonic extensions
to the unit disk. Sometimes we write X (6) instead of X (e?’). Then for some
real analytic periodic function A with derivative A’ > 0, we have

Z(ew) — X(ew\(e)) _ X(ew\)
Then (following Nitsche in not writing the argument ¢ of X,) we have

Zs = NXp
Zogg = (N)*Xgg+\'Xy

But Zy and Xy are both tangent to I' at the same point, so Z,. is perpendicular
to Xg. Therefore there are functions o and (3 such that

Z. = MN(aX,+BVEN)

where E = |X,|* and G = |Xy|?. (It is arbitrary which one of these we call
E and which G; Nitsche is not explicit but it seems this is his choice.) Since
|Zo|> = (N)2G, and |Z,.|* = (1/72)|Zy|> = (N)?G/r?, but also

|Z:* = (V) (e® + B)E,

and E = G/r?, we have o® 4+ % = 1.
The unit normal N to Z is given (on S!) by
ZT X Ze
A
N(aX, +BVEN) x N Xy
(M)W (e? 4 5?)

N:
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!/ !
X(aX, + BVEN) x XXy since o + 3% = 1.

(N)*W
(X, +BVEN) x Xg
B W
BX, . 9
= aN — since W= = EG
VE

Next we calculate the geodesic curvature &, of I" with respect to the surface
Z. That is given (see [9] §378) by the triple product

koEds = [Zy,Zpg, N]dO
where E = |Z,|> = (V)2E. Then

ky(N)2Eds = [Zp, Zpg, N]d

X
— (VX (V)2 X + N XgaN = D T]d&
{ 6, (\)" Xog 0 -

Since a triple product with two adjacent terms vanishes, the term with X\’ Xy
drops out, leaving

kgN)2Eds = {)\’X‘g,(X)ngg,aNf/)%}dﬂ

Dividing by E()\)? we have

B

Fgdi = a)\’E_l[Xg,ng,N]dQ—E3/2

N[ Xq, Xgg, X,-] db (12)
Splitting Xy¢ into normal, radial, and tangential components, we have
Xoog = (ng . N)N + (ng . Xg)Xe + (Xog . XT)X,«.

Putting that into the triple product, and remembering that a triple product
with identical adjacent terms is zero, the terms in Xy and X, vanish, leaving

(X0, X990, Xr] = [Xo, N, X, ](Xg6-N)
(Xg X NXT)(XQQN)

Now Xy x N is in the direction of X,., with magnitude vG. So Xg x N - X, =
VEG = +W. Hence

[Xo, Xo9, X,] = VW(Xpo-N)
= VIW(Xyy-N) since X, - X, =G
= —V WX@NG since (Xg . N)g =0
Putting that result into (12) we have
fgdi = aNE'[Xg, Xgg, N1 dO + BWY2E3/2)N X4 Ny df
= aNE Xy, Xgo, N|dO + BG2E~ N Xy Ny db (13)
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So far in this section, we have not used the fact that X is Enneper’s surface. It
could be any minimal surface, so far. But now, we work out Xy Ny for Enneper’s
surface.

—rsinf + r2 sin 360

Xy = —rcosf — 73 cos 30
—2r2 cos 26
1 [ 2rcosé
N = 2rsin 6 by (2)
2
retl i r2—1
1 [ —2rsin®
Ng = ———— | 2rcosf
r2+1
| 0
1 [ —rsinf + r3sin 360 —2rsinf
XoNog = —— —rcosf —r3cos30 | - | 2rcosf
retl | —2r2 cos 26 0
= —2r%cos(26)

as can be confirmed by the following Sage code:

XthetaDotNtheta = Xtheta.dot_product (Ntheta) .expand ()
XthetaDotNtheta = XthetaDotNtheta.trig_simplify().factor().trig_reduce()
print ("%s %s" %("Xtheta . Ntheta = ",XthetaDotNtheta))

Putting that value of XyNy into (13), with X substituted for 6, we have
fgds = aNE Y [Xy, Xgp, N]dO — BETIVGN 21 cos 2) df
Putting in the value of E~1[Xy, Xy, N] from (10), we have

1+ 3r2

= df — BE~VGN 2r% cos 21 df
-

Rgds = aN

Since G = (r? +1)? and E = r2G, we have E~'V/G = 1/(r?(r? + 1)). Hence

1+ 3r2 2cos 2\
do — BN ————d#p 14
14172 b rz2 41 (14)

Rgds = a)N

which, miraculously, is exactly the equation obtained by Nitsche in the middle
of p. 438 (just after the incorrect equation mentioned above).
Now, Ruchert’s main contribution is the following lemma:

Lemma 9 (Ruchert) Let X be any immersed minimal surface bounded by En-
neper’s wire I'p different from Enneper’s surface X. Then either X has smaller
Dirichlet energy than X, or the geodesic curvature of I'p is smaller with respect
to X than with respect to X.
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Remarks. Since these are minimal surfaces, their areas are the same as their
Dirichlet energies. The proof uses two facts about Enneper’s surface: (i) X-X,. >
0, and (ii) XN and Xy Ny have opposite signs and the same -dependence.

Proof. Since we have used E for X2, we follow Nitsche in temporarily using I

for Dirichlet’s energy. We have

(X)) = [ X (M0)XA0) N db
0

2(X) = /%mde
0

= N[aX, + BEY2N]X(\(0))do
0

Subtracting, we have

2
2I(X) —2I(X) = / [(1— )X, X — BEY2X NN db
0
27 27
= / (1— )X, X\ do— BEY2XNX do
0 0

We have already computed E and XN at the end of §6.1. Using those results,
we have

1, r2(r? +3)
1/2 2
FE / XN = (’I" +1)T(§)ﬁ(3052)\
= %7"3(7“2 + 3) cos 2\
Hence
_ 2m ) ) 1 2m
2I(X) —20(X) = / (1 — )X, (e™)X ()N db — §r3(r2 +3) Bcos(2A\)\ db
0 0

Integrating (14) to find the geodesic curvature C' of X, we have

~ 1+3r2 27 2 2m
Cc = N db — 20\ do
1+T2/0 “ r2+1/0 B eos(23)
Now the sign of
2w
J = B cos(2A)\ db
0

is crucial. First suppose J > 0. Then we have

~ 1+3r2 [T
¢ < L@/ aN df
1+7 Jo
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Since a < 1 and A\ is periodic and monotone, we have

1+3r2 27

1+72 Jg

14 3r2 9

= —27
1472

= C, the geodesic curvature with respect to Enneper’s surface

N do

C <

Equality can hold only if « is identically zero, in which case X = X. That
completes the proof in case J > 0. Now suppose J < 0. Then we have

I(X)-I(X) > ;/OQTF(l—a)Xr(ei/\)X(eiA)Xde

Since a? + 32 = 1, we have o? < 1 and hence 1+ « > 0. Then (unless o = —1)

Hence o < 1. We will show by direct computation that X, - X > 0. Then the
entire integrand is positive. We have (see the output of the Sage program in
§6.1)

1
X, X = gr(r4 +7%(3 — cos4\) + 3)

Since |cos4A| < 1 the right side is positive. That completes the proof of the
lemma.

Theorem 5 (Ruchert) Enneper’s wire ' bounds exactly one minimal sur-
face (namely Enneper’s surface) for R < 1.

Proof. Let R <1 and suppose, for proof by contradiction, that X is a minimal
surface bounded by ' and different from Enneper’s surface. By Theorem 4, X
is immersed. As calculated in §6.1, the geodesic curvature of I'g with respect
to Enneper’s surface is monontonically increasing with R and has the value 47
when R = 1. By Ruchert’s lemma, X either has smaller area than Enneper’s
surface, or I'p has geodesic curvature less than 4.

We know that X is a relative minimum of area, as shown by calculating
its fourth variation. Using this fact we can prove Ruchert’s theorem using the
mountain-pass theorem (see Chapter 6 of [5]), which is simpler than the proof
in Nitsche’s book.

Case 1: X has smaller area than Enneper’s surface X. Then, replacing X by
another minimal surface if necessary, we may assume X is an absolute minimum
of area, and different from X. since both X and X are relative minima, we can
apply the mountain-pass theorem to conclude that I'g also bounds an unstable
minimal surface Z, with area greater than the areas of X or X. By Theorem 4,
Z is immersed. Since the area of Z is greater than that of X, by Ruchert’s
lemma, I'p has geodesic curvature less than 47. Hence, by the Gauss-Bonnet
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theorem, its Gaussian area is less than 27. Then by the theorem of Barbosa-do
Carmo, Z is stable, contradiction. That completes the proof in case 1.

Case 2: The geodesic curvature of T'p with respect to X is less than 4.
Then, by Gauss-Bonnet and Barbosa-do Carmo, X has positive second varia-
tion, and hence is a relative minimum. Then again using the mountain pass
theorem, we find an unstable minimal surface Z bounded by I'g, and proceed
as in Case 1. That completes the proof of Ruchert’s theorem.

9 D?A(X) and D*E(X)

9.1 Correspondence between the kernel functions

There is a connection between the kernels of the second variation of Dirichlet’s
energy and area. Namely, if k& belongs to the kernel of D?E(X), then ¢ = k- N
belongs to the kernel of D?A(X), i.e., Ap—2KW ¢ = 0 in the parameter domain
and ¢ = 0 on the boundary.

Conversely, if ¢ belongs to the kernel of D2A(X), then there is a real-
analytic, complex-valued function h defined in the disk, such that

k= Re (hX.) + ¢N

and k is in the kernel of D? E(X). Because k on the boundary is a scalar multiple
of Xy, we have Re(zh) = 0 on S'. The equation determining h is

N

Here W = |X,|?. These results were first proved in [1] and the proof is easily
available on the Web in [2].

Note that polar coordinates are not isothermal; if we calculate £ = X2,
G = X2, and W = VEG then this is not the W that we need to use in the
equation for h, as the equation for i assumes X is given in harmonic isothermal
parameters. Therefore if X is given in polar coordinates, then we need to use
E = X? as W in the equation for h, as this is equal to |X,|2.

A purely real version of the result says that there are functions ¢ and x
defined in the unit disk such that

k=¢Xy+ xX, + ON.

Here
¥ = Im (zh)

x = Re(zh)

Note that 1) is defined in the whole unit disk, not just on S*; since k is a tangent
vector, we have k = 19Xy on S', so x and ¢ are zero on S*.
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9.2 How this works out for Enneper’s surface

As an exercise, we work out what h, 1, x, and ¢ are for Enneper’s surface
(defined in the unit disk). First, the eigenfunction ¢ is computed easily, since it
is just 3N, the third component of the unit normal, as on the sphere AN = N,
with A the Laplace-Beltrami operator of the sphere. That gives us (referring
to the formula for the normal in terms of the Weierstrass representation)

2
re—1
¢= 37
ré+1

For Enneper’s surface we have E = X2 = (r?2 +1)2. As explained above, we

need to use E for W in the equation for h, as it is F that is equal to | X,|?. We
have

1 2z
N=—| 2y
2
re 4+ 1 TQ -1
1 1— 22
X, = - | i(1+2?
21 9
z
Hence
1-22
2z
Differentiating, we have
-z
2
Hence the equation for h is
—Z 2z
N r?—1 z
h: = ¢Xs:— = — 2 z 2y
L G P r2 1
That is
r2—1 _ . 9
he = gy (2t in) £ 207 1)
r2—1 _
= m(—%z +2(r? +1))
r2—1
= m(—%? +2(r? + 1))
_ r?2—1
BRGCEL
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Now, to solve this equation for h, we first solve the equation

r2—1
AV = ———. 15
(r2 +1)4 (15)
and then set h =V, + A, where A is a holomorphic function in the disk (which
will be chosen to fix the boundary values). Then h; = V,; = AV and we have
the desired equation. Then

xX— = Zzh
= zZ(V.+4)
52
= T—zz(Vz + A)
= 2%V, + A)
= 20V, —iVy + zA)

Since AV depends only on 7, we can assume Vp = 0 (as we will show below).
Then

x—i = (cos20—isin20)rV, 4+ (cosf + isinf)A
x = co0s20V,+cosfRe A—sinflm A
¢ = sin20V, —sinfRe A —cosfIm A
So we have to take A = —cz where ¢ = V,.|,—1 to make x be zero on St
x = cos20(V,. —cr)
P = sin20(V, +cr)

It remains to find V' by solving (15). Since the right side does not depend
on 6, we look for a solution V(r). Then AV = V,,. + (1/r)V,, so we have to
solve the ordinary linear differential equation

r?—1

——— =0.
r(r2 +1)*

V// + lvl _
r
We want a solution with V. = 0 when r = 0. The general solution of this

equation can be found, at least in theory, using this piece of Sage code:

V = function(°V’,r)
de = diff(V,r,2) + (1/r)*diff(V,r) - (r"2-1)/((r"2+1)"4) ==
v = desolve(de,V)

The result is (equivalent to)

r2+3 1 9
5 —ﬂlog(r +1)

1
V=K —1 K+l 0
2T g eer Mt e
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The constant Ky must be 1/12 to prevent a singularity at the origin. Hence

r?+3 1

2
aGT 12 a1 oel + b

V = K+

Differentiating, we have

Vo= 1 rs _17"(7“2—1—3)
T 120 +1)2 6(r2+1)3

When r =1 we find ¢ = V,.|,=1 = —5/48. Hence

1 r3 1r(r?+3) 5r
= (-= - ") cos20
X ( 202+12 6(2+13 @ 48) "
1 r3 1r(r2+3) 5r
_ (.t 1 — 27 sin 26
v ( 202+1)2 6(2+1)3 48)°"

Note that the constant K7 does not affect x and . Although k, ¢, x, and ¢ can
be multiplied by the same arbitrary constant, we fixed that constant when we
normalized ¢ when setting up the equation for h. That everything is in order
is evidenced by the facts that on S, we have ¢ = sin 26 and x = 0, as desired.

If we now differentiate v with respect to r and set r = 1, we get zero; Sage
will do this for us as follows:

p = -1/12 * r~3/(r"2+1)"2 - 1/6% r*(r~2+3)/(r"2+1)"3 - 5%r/48
print(p.diff(r) (r=1))

This is not an accident; instead it is another sign that these calculations are
in good order, since it can be shown that if k is a sufficiently smooth tangent
vector, then k is in the kernel of D? E(X) if and only if ¢, = 0 on the boundary.
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