
%RXQGDU\ 5HJXODULW\ LQ 3ODWHDX
V 3UREOHP

0LFKDHO %HHVRQ

'HSDUWPHQW RI 0DWKHPDWLFV DQG &RPSXWHU 6FLHQFH

6DQ -RVH 6WDWH 8QLYHUVLW\

6DQ -RVH� &DOLIRUQLD �����

86$

HPDLO� EHHVRQ#PDWKFV�VMVX�HGX

'HFHPEHU �� ����

$EVWUDFW

/HW b EH D UHDO�DQDO\WLF -RUGDQ FXUYH LQ 5�� /HW X EH D PLQLPDO VXU�
IDFH �RI WKH WRSRORJLFDO W\SH RI WKH GLVN� ERXQGHG E\ b� KDYLQJ D ERXQGDU\
EUDQFK SRLQW RI RUGHU �P� 6XSSRVH Q � P� 7KHQ X GRHV QRW IXUQLVK D &Q

UHODWLYH PLQLPXP RI 'LULFKOHW
V LQWHJUDO RU DUHD� ,Q SDUWLFXODU� WKH DEVR�
OXWH PLQLPXP RI 'LULFKOHW
V LQWHJUDO� DQG LQGHHG DQ\ UHODWLYH PLQLPXP LQ
WKH &� QRUP� DPRQJ GLVN�W\SH VXUIDFHV ERXQGHG E\ b� KDV QR ERXQGDU\
EUDQFK SRLQWV�
0RUH JHQHUDOO\� b FDQ EH D &1�x -RUGDQ FXUYH �ZLWK 1 w �� LQ 5��

VXFK WKDW DW HDFK SRLQW� HDFK FRPSRQHQW RI b KDV D QRQ]HUR M�WK GHULYDWLYH
IRU VRPH M� 7KHQ ZH FDOO b ?QRZKHUH SODQDU�� ,Q WKDW FDVH ZH REWDLQ WKH
VDPH FRQFOXVLRQ SURYLGHG Q � 1 DV ZHOO DV Q � P� $JDLQ LW IROORZV
WKDW WKH DEVROXWH PLQLPXP RI 'LULFKOHW
V LQWHJUDO� DQG LQGHHG DQ\ UHODWLYH
PLQLPXP LQ WKH &� QRUP� DPRQJ GLVN�W\SH VXUIDFHV ERXQGHG E\ b� KDV
QR ERXQGDU\ EUDQFK SRLQWV�
7KHVH WKHRUHPV DUH SURYHG E\ H[SOLFLW FRQVWUXFWLRQ RI D IDPLO\ aX RI

KDUPRQLF VXUIDFHV DQG DQ H[SOLFLW FDOFXODWLRQ RI WKH 'LULFKOHW LQWHJUDO
(>aX@  (>X@ b FW�P�� � 2�W�P���� 7KH WHFKQLTXH LV FDOOHG ?VSOLWWLQJ
WKH EUDQFK SRLQW� EHFDXVH LW LV EDVHG RQ UHSODFLQJ ]P ZLWK D SURGXFW RI
WHUPV ] b DL�W��

,QWURGXFWLRQ

7KH KLVWRU\ RI WKH SUREOHP LV VRPHZKDW FRQYROXWHG� %HIRUH GLVFXVVLQJ LW� QRWH

WKH IROORZLQJ LVVXHV� LQWHULRU EUDQFK SRLQWV YV� ERXQGDU\ EUDQFK SRLQWV� WUXH
EUDQFK SRLQWV YV� IDOVH EUDQFK SRLQWV� UHDO�DQDO\WLF ERXQGDU\ YV� VPRRWK ERXQG�
DU\� DEVROXWH PLQLPXP RI DUHD RU 'LULFKOHW
V LQWHJUDO YV� &� UHODWLYH PLQLPXP

�



YV� &� UHODWLYH PLQLPXP YV� &Q UHODWLYH PLQLPXP� DQG H[SOLFLW FRQVWUXFWLRQ RI
D IDPLO\ WKDW GHFUHDVHV 'LULFKOHW
V LQWHJUDO� RU QR H[SOLFLW FRQVWUXFWLRQ�
&KRRVLQJ RQH IURP HDFK FDWHJRU\ WKHUH DULVH PDQ\ SRVVLEOH WKHRUHPV FRQ�

FHUQLQJ WKH DEVHQFH RI EUDQFK SRLQWV IURP FHUWDLQ PLQLPDO VXUIDFHV� VRPH RI
ZKLFK KDYH EHHQ SURYHG LQ WKH SDVW� VRPH RI ZKLFK DUH SURYHG KHUH� DQG VRPH
RI ZKLFK DUH VWLOO RSHQ� 7KH PDLQ FRQWULEXWLRQV DOUHDG\ LQ WKH OLWHUDWXUH DUH WKH
IROORZLQJ� 2VVHUPDQ >��@ SURYHG WKDW WKH DEVROXWH PLQLPXP RI DUHD KDV QR WUXH
LQWHULRU EUDQFK SRLQWV� 5� *XOOLYHU >��@ DQG +� :� $OW >�@ LQGHSHQGHQWO\ SURYHG
WKDW WKH DEVROXWH PLQLPXP RI DUHD KDV QR IDOVH LQWHULRU EUDQFK SRLQWV� *XOOLYHU�
2VVHUPDQ� DQG 5R\GHQ >��@ SURYHG WKDW D GLVN�W\SH PLQLPDO VXUIDFH VSDQQLQJ
DQ DQDO\WLF -RUGDQ FXUYH KDV QR IDOVH EUDQFK SRLQWV LQ WKH LQWHULRU RU RQ WKH
ERXQGDU\� *XOOLYHU�/HVOH\ >��@ SURYHG WKDW WKH DEVROXWH PLQLPXP RI DUHD KDV
QR WUXH ERXQGDU\ EUDQFK SRLQWV� LI WKH ERXQGDU\ LV UHDO�DQDO\WLF� E\ DGDSWLQJ
2VVHUPDQ
V PHWKRG WR WKH ERXQGDU\ FDVH� 7KHVH SURRIV VKRXOG DFWXDOO\ DS�
SO\ WR &� UHODWLYH PLQLPD DV ZHOO DV WKH DEVROXWH PLQLPD� %HHVRQ >�@ JDYH DQ
H[SOLFLW FRQVWUXFWLRQ WKDW GHFUHDVHV 'LULFKOHW
V LQWHJUDO QHDU DQ LQWHULRU EUDQFK
SRLQW� WKH IDPLO\ FDQ EH PDGH &� VPRRWK �QRW &Q DV FODLPHG LQ WKH SDSHU�� VR
&� UHODWLYH PLQLPD KDYH QR LQWHULRU EUDQFK SRLQWV�
,Q WKLV SDSHU ZH JLYH D �TXLWH GLmHUHQW� H[SOLFLW FRQVWUXFWLRQ WKDW GHFUHDVHV

'LULFKOHW
V LQWHJUDO QHDU D ERXQGDU\ EUDQFK SRLQW� DQG DJDLQ WKH IDPLO\ FDQ EH
PDGH &� VPRRWK^LQ JHQHUDO LW FDQ EH PDGH &P VPRRWK� ZKHUH �P LV WKH RUGHU
RI WKH EUDQFK SRLQW^EXW VLQFH P PLJKW EH �� WKH EHVW JHQHUDO UHVXOW LV &��
7KLV DSSOLHV nUVW WR DQ\ UHDO�DQDO\WLF ERXQGDU\� EXW E\ TXRWLQJ NQRZQ UHS�

UHVHQWDWLRQ IRUPXODH IRU D PLQLPDO VXUIDFH LQ WKH QHLJKERUKRRG RI D ERXQGDU\
EUDQFK SRLQW� ZH DUH DEOH WR H[WHQG WKH FRQVWUXFWLRQ WR WKH FDVH RI D &� ERXQG�
DU\� SURYLGHG WKH ERXQGDU\ LV ?QRZKHUH SODQDU�� ,W LV ZRUWK QRWLQJ WKDW ZH GR
QRW QHHG WR DSSHDO WR SUHYLRXV UHVXOWV HOLPLQDWLQJ IDOVH EUDQFK SRLQWV^WKH\ DUH
HOLPLQDWHG E\ WKH FDOFXODWLRQ� DORQJ ZLWK WUXH EUDQFK SRLQWV� XVLQJ WKH K\SRWK�
HVLV WKDW WKH ERXQGDU\ LV QRZKHUH SODQDU�
:H OHDYH RSHQ WZR TXHVWLRQV� FDQ WKH ERXQGDU\ UHJXODULW\ WKHRUHP EH SURYHG

IRU &� ERXQGDULHV ZLWKRXW WKH K\SRWKHVLV WKDW WKH ERXQGDU\ FXUYH LV QRZKHUH
SODQDU" DQG� FDQ HLWKHU WKH ERXQGDU\ RU LQWHULRU UHJXODULW\ EH SURYHG IRU &Q

UHODWLYH PLQLPD DV ZHOO DV IRU &� UHODWLYH PLQLPD" 6R IDU DV ZH FDQ SURYH DW
SUHVHQW� WKHUH PLJKW EH D GLVN�W\SH PLQLPDO VXUIDFH ZLWK DQ LQWHULRU RU ERXQGDU\
EUDQFK SRLQW RI RUGHU � ZKRVH HQHUJ\ FDQQRW EH GHFUHDVHG DORQJ D &� RQH�
SDUDPHWHU IDPLO\ RI KDUPRQLF VXUIDFHV �WKDW LV� D RQH�SDUDPHWHU IDPLO\ LQ WKH
&� PHWULF� ZLWK WKH VDPH ERXQGDU\� DOWKRXJK �DIWHU WKLV SDSHU� ZH NQRZ KRZ
WR GHFUHDVH LW DORQJ D &� IDPLO\�

3UHOLPLQDULHV DQG 'HnQLWLRQ RI WKH 9DULDWLRQ

:H GHDO ZLWK KDUPRQLF PDSSLQJV X IURP D VXEVHW RI WKH SODQH WR 5�� 7KH
FRPSRQHQWV ZLOO EH LQGLFDWHG E\ �X� �X� DQG �X� $OWKRXJK WKH XVH RI D VXSHU�
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VFULSW LQ WKLV SRVLWLRQ LV QRW VWDQGDUG� LW PDNHV LW SRVVLEOH WR GHQRWH �SDUWLDO�
GLmHUHQWLDWLRQ E\ D VXEVFULSW� IRU H[DPSOH �X\� ZKHQ RWKHUZLVH ZH ZRXOG KDYH
WR ZULWH WKH PRUH FXPEHUVRPH

GX�

G\
�

,W LV DOVR FRQYHQLHQW� ZKHQ WKH FRPSRQHQWV RI D YHFWRU DUH JLYHQ E\ ORQJ IRUPXODH�
WR XVH D FROXPQ�PDWUL[ IRUPDW IRU D YHFWRU� :H RPLW DQ H[SOLFLW GRW IRU WKH GRW
SURGXFW� ZULWLQJ IRU H[DPSOH XX\ LQVWHDG RI X c X\� DV QR RWKHU LQWHUSUHWDWLRQ LV
SRVVLEOH� 2WKHUZLVH RXU QRWDWLRQ LV VWDQGDUG�
$OO WKH PLQLPDO VXUIDFHV FRQVLGHUHG LQ WKLV SDSHU DUH RI WKH WRSRORJLFDO W\SH

RI WKH XQLW GLVN� $W WKH YHU\ EHJLQQLQJ� ZH FRQVLGHU D GLVN�W\SH PLQLPDO VXUIDFH
SDUDPHWUL]HG LQ WKH GLVN RI UDGLXV � FHQWHUHG DW ��� ��� ZLWK D ERXQGDU\ EUDQFK
SRLQW DW ���b��� 2XU nUVW VWHS� KRZHYHU� LV WR PDNH D FRQIRUPDO WUDQVIRUPDWLRQ
RI WKH SDUDPHWHU GRPDLQ WR WKH XSSHU KDOI SODQH +�� WDNLQJ WKH EUDQFK SRLQW
WR WKH RULJLQ� :H QHHG WR FRQVLGHU WKLV WUDQVIRUPDWLRQ LQ RUGHU WR EH DEOH WR
VSHDN RI WKH ?KDUPRQLF H[WHQVLRQ� RI D IXQFWLRQ GHnQHG RQ WKH UHDO OLQH� DQG
ERXQGHG DW LQnQLW\� 7KLV KDUPRQLF H[WHQVLRQ FDQ EH GHnQHG E\ SXOOLQJ EDFN
WKH ERXQGDU\ YDOXHV WR WKH GLVN� XVLQJ WKH 3RLVVRQ LQWHJUDO IRUPXOD� DQG WKHQ
PDSSLQJ EDFN WR WKH XSSHU KDOI SODQH� ,Q SDUWLFXODU LI ZH FRQVLGHU D ��YHFWRU
RI VXFK ERXQGDU\ YDOXHV WKDW WUDFHV RXW D -RUGDQ FXUYH b PRQRWRQLFDOO\ H[FHSW
IRU RQH SRLQW� WKHQ WKH KDUPRQLF H[WHQVLRQ LV D KDUPRQLF VXUIDFH VSDQQLQJ b�
)URP QRZ RQ� ZH FRQVLGHU D PLQLPDO VXUIDFH X�]� SDUDPHWUL]HG LQ WKH XSSHU

KDOI SODQH� ZLWK D EUDQFK SRLQW DW WKH RULJLQ� DQG ERXQGHG E\ D &Q -RUGDQ
FXUYH b GHnQHG RQ WKH XQLW LQWHUYDO� ZKLFK GRHV QRW OLH LQ D SODQH� )RU WKH WLPH
EHLQJ� ZH VXSSRVH WKDW b LV UHDO�DQDO\WLF� DQG ODWHU FRQVLGHU WKH FDVH ZKHQ b LV
RQO\ &Q� :H VXSSRVH WKDW b SDVVHV WKURXJK WKH RULJLQ WDQJHQW WR WKH ;�D[LV�
DQG WKDW X WDNHV WKH SRUWLRQ RI WKH UHDO D[LV QHDU RULJLQ RQWR b� ZLWK X���  ��
7KHQ VLQFH b LV D -RUGDQ FXUYH� LW LV QRW FRQWDLQHG LQ D OLQH� :H VWLOO DUH IUHH
WR RULHQW WKH < DQG = D[HV� :H GR WKLV LQ VXFK D ZD\ WKDW WKH QRUPDO DW WKH
EUDQFK SRLQW �ZKLFK LV ZHOO�GHnQHG� SRLQWV LQ WKH QHJDWLYH =�GLUHFWLRQ� :LWK
b RULHQWHG LQ WKLV ZD\� WKHUH ZLOO EH WZR LQWHJHUV S DQG T VXFK WKDW b KDV D
SDUDPHWUL]DWLRQ LQ WKH IRUP
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IRU VRPH QRQ]HUR UHDO FRQVWDQWV &� DQG &�� :H WKHUHIRUH KDYH
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:H ZULWH X�]�  �;�]�� < �]�� =�]��� :H PDNH XVH RI WKH (QQHSHU�:HLHUVWUDVV
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UHSUHVHQWDWLRQ RI X �VHH H�J� >�@� S� ����
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ZKHUH I LV DQDO\WLF DQG J LV PHURPRUSKLF LQ WKH XSSHU KDOI�GLVN� %\ WKH ERXQG�
DU\ UHJXODULW\ WKHRUHP RI /HZ\ �VHH >�@� S� ���� X FDQ EH H[WHQGHG DQDO\WLFDOO\
LQWR VRPH QHLJKERUKRRG RI WKH RULJLQ� DQG KHQFH I FDQ DOVR EH VR H[WHQGHG� DQG
J FDQ EH H[WHQGHG PHURPRUSKLFDOO\�

'HnQLWLRQ � 7KH RUGHU RI WKH EUDQFK SRLQW LV WKH RUGHU RI WKH ]HUR RI I � 7KH

LQGH[ RI WKH EUDQFK SRLQW LV WKH RUGHU RI WKH ]HUR RI J�

7KH RUGHU RI D ERXQGDU\ EUDQFK SRLQW PXVW EH HYHQ �VLQFH WKH ERXQGDU\ LV WDNHQ
RQ PRQRWRQLFDOO\�� ,W LV FXVWRPDU\ WR ZULWH LW DV �P� DQG WR XVH WKH OHWWHU N
IRU WKH LQGH[� 7KXV I�]�  ]P � 2�]P��� DQG J�]�  F]N �2�]N��� IRU VRPH
FRQVWDQW F�
/HW ~ �]�  ;�]�  5H�

�

5
I b IJ�G]� 7KHQ RQ WKH ERXQGDU\ ZH KDYH

X�]�  b�~ �]��

7KLV SDUDPHWUL]DWLRQ DQG IXQFWLRQ ~�]� ZHUH LQVSLUHG E\ /HZ\
V HTXDWLRQ �VHH
>�@� S� ����
:H VXSSRVH IRU WKH WLPH EHLQJ WKDW b LV UHDO�DQDO\WLF� LW IROORZV IURP /HZ\
V

WKHRUHP RS� FLW� WKDW X LV DOVR UHDO�DQDO\WLF XS WR WKH ERXQGDU\� +HQFH I DQG J
DUH DOVR DQDO\WLF DW WKH RULJLQ� :H KDYH I�]�  

3
HL]

L DQG J�]�  
3

FL]
L� 1RWH

WKDW WKH nUVW QRQ]HUR HL LV H0 � ZKHUH0 LV WKH RUGHU RI WKH EUDQFK SRLQW� ,I X LV
PRQRWRQLF RQ WKH ERXQGDU\� DV LV WKH FDVH LQ 3ODWHDX
V SUREOHP� WKHQ 0 PXVW
EH HYHQ� DQG ZH KDYH 0  �P� EXW LW LV QRW QHFHVVDU\ WR DVVXPH WKDW \HW� VR
ZH FRQWLQXH WR ZULWH 0 IRU WKH RUGHU� %HFDXVH RI WKH RULHQWDWLRQ RI b� ZH KDYH
H0 UHDO� 7KH nUVW QRQ]HUR FL LV FN�
,I QRW DOO WKH FRHpFLHQWV RI J DUH SXUH LPDJLQDU\� GHnQH p WR EH WKH OHDVW

LQWHJHU VXFK WKDW FN�p KDV D QRQ]HUR UHDO SDUW� ,I QRW DOO WKH FRHpFLHQWV RI I DUH
UHDO� ZH GHnQH y WR EH WKH OHDVW LQWHJHU VXFK WKDW H0�y KDV D QRQ]HUR LPDJLQDU\
SDUW� ,W FDQQRW EH WKDW WKH FRHpFLHQWV RI J DUH DOO LPDJLQDU\ DQG WKH FRHpFLHQWV
RI I DUH DOO UHDO� IRU LQ WKDW FDVH WKH FRHpFLHQWV RI IJ� ZRXOG EH DOO UHDO� DQG VR
G< G[  b�

�
,P�I � IJ�� ZRXOG EH LGHQWLFDOO\ ]HUR RQ WKH UHDO D[LV� VR < ZRXOG

EH FRQVWDQW RQ WKH UHDO D[LV DQG b ZRXOG OLH LQ D SODQH� 6LQFH H�P  � LV UHDO�
ZH KDYH y ! � LI y LV GHnQHG� EXW ZH PD\ KDYH p  � LI FN KDV D QRQ]HUR UHDO
SDUW� 7KH LPDJLQDU\ SDUW RI H0�y ZLOO RFFXU LQ PDQ\ RI RXU HTXDWLRQV� VR LW
ZLOO EH XVHIXO WR JLYH LW D VKRUW QDPH�

'HnQLWLRQ � ( � ,P H0�y LV WKH LPDJLQDU\ SDUW RI WKH FRHpFLHQW RI WKH

ORZHVW SRZHU RI ] LQ I WKDW KDV D QRQ]HUR LPDJLQDU\ SDUW� * � 5H FN�p LV WKH

UHDO SDUW RI WKH FRHpFLHQW RI WKH ORZHVW SRZHU RI ] LQ J WKDW KDV D QRQ]HUR UHDO

SDUW�
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3OXJJLQJ WKLV LQWR WKH HTXDWLRQ IRU b� DERYH� ZH KDYH IRU UHDO ]�
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6LQFH ]bPI�]� LV DQDO\WLF DQG QRQ]HUR DW RULJLQ� ZH FDQ ZULWH

I�]�  $���]�]
�P

ZKHUH $��]� LV DQDO\WLF DQG GRHV QRW YDQLVK DW RULJLQ� %\ VFDOLQJ WKH HQWLUH
PLQLPDO VXUIDFH DQG FXUYH b ZH FDQ DVVXPH $����  �� 6LPLODUO\ ZH FDQ nQG
DQ DQDO\WLF IXQFWLRQ %�� VXFK WKDW

IJ��]�  %��]
�P��N�

:H GR QRW NQRZ DQ\WKLQJ DERXW %���� H[FHSW WKDW LW LV QRQ]HUR� LQ SDUWLFXODU
LW PLJKW KDYH D QRQ]HUR LPDJLQDU\ SDUW IRU DOO ZH NQRZ� ,I ZH H[SDQG $� LQ D
SRZHU VHULHV

3
oL]

L� WKH nUVW oL ZLWK D QRQ]HUR LPDJLQDU\ SDUW ZLOO FRQWULEXWH
D SRZHU ]�P�L WR I  ]�P$��� WKHUHIRUH E\ WKH GHnQLWLRQ RI y ZH KDYH L  y�
:H FKRRVH VRPH GLVWLQFW FRPSOH[ FRQVWDQWV m�� � � � � mP� $ERXW WKH mL ZH

DVVXPH� IRU P ! ��
�L� DW OHDVW RQH RI WKH mL LV QRQ]HUR�
�LL� ,I mL LV QRW UHDO DQG QRW ]HUR� WKHQ LWV FRPSOH[ FRQMXJDWH xmL RFFXUV DV DQRWKHU
mM � ,Q SDUWLFXODU HDFK QRQ]HUR UHDO mL �LI DQ\� RFFXUV DQ HYHQ QXPEHU RI WLPHV
LQ WKH OLVW m�� � � � � mQ�
,W LV DOZD\V SRVVLEOH WR FKRRVH mL VDWLVI\LQJ WKHVH FRQGLWLRQV� ZKHQ P ! ��

7KH FDVH P  � KDV WR EH WUHDWHG GLmHUHQWO\� WKLV ZLOO EH GRQH LQ D VXEVHTXHQW
VHFWLRQ�
7KHVH FRQGLWLRQV JLYHQ DERYH DUH HQRXJK IRU RXU PDLQ FRPSXWDWLRQV DERXW

WKH 'LULFKOHW LQWHJUDO� %XW WR HQVXUH WKDW WKH IDPLO\ aX WDNHV WKH ERXQGDU\
PRQRWRQLFDOO\� ZH QHHG D WKLUG DVVXPSWLRQ�
�LLL� 5H�mL� w �� DQG IRU DW OHDVW RQH L ZH KDYH 5H�mL� ! ��
+HQFHIRUWK� ZH DVVXPH WKDW WKH mL DUH FKRVHQ WR VDWLVI\ �L�� �LL�� DQG �LLL��
:H DOVR QHHG QXPEHUV ADL IRU L  �� � � � �P� ZKLFK ZH VKDOO HYHQWXDOO\ VSHFLI\

WR EH �� � RU b�� $ERXW WKH ADL ZH DVVXPH WKH IROORZLQJ�
�LY� ADL LV QRQ]HUR LI DQG RQO\ LI mL LV QRQ]HUR�
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�Y� ,I xmL  mM WKHQ ADL  ADM �
:H WKHQ GHnQH

DL�W�  mLW� ADLW
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7KXV IJ�  %�� DQG % GRHV QRW GHSHQG RQ W� )L[ D QXPEHU 5 PXFK ODUJHU
WKDQ DOO WKH MmLM� :H ZLOO FKRRVH 5 ODUJH HQRXJK WKDW FHUWDLQ WHUPV DUH SRVLWLYH�
6SHFLnFDOO\� ZH UHTXLUH WKDW 5 w �MmLM IRU HDFK L� DQG

5 w ��P��� ���

DQG WZR PRUH FRQGLWLRQV RQ 5� 2QH RI WKHP LV JLYHQ LQ HTXDWLRQ ���� QHDU WKH
HQG RI WKH SDSHU�
/HW 1 EH WKH QXPEHU RI QRQ]HUR FRPSOH[�FRQMXJDWH SDLUV DPRQJ WKH mL�

:H FDQ LQGH[ WKH mL LQ VXFK D ZD\ WKDW mL� � � � � m�1 DUH WKH QRQ]HUR mL DQG
xmL  m1�L IRU L �1 � 7KH IROORZLQJ HTXDWLRQV GHnQH WZR SRO\QRPLDOV K DQG S�

K�z�  

1<
L �

Mz bmLM
� b z�1

S�Z�  
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z�Pb�1K�z� Gz

7KH ODVW FRQGLWLRQ RQ 5 LV WKDW WKH IROORZLQJ LQHTXDOLW\ LV VDWLVnHG�

S�Z� � � IRU Z w 5 ���

:H QRZ SURYH WKDW LW LV SRVVLEOH WR FKRRVH 5 VR WKDW WKLV FRQGLWLRQ LV VDWLVnHG�

/HPPD � )RU VXpFLHQWO\ ODUJH 5� ��� LV VDWLVnHG�

3URRI� :H EHJLQ E\ VKRZLQJ WKDW WKH OHDGLQJ FRHpFLHQW RI K LV QHJDWLYH� K LV

RI GHJUHH DW PRVW �1 b �� VLQFH WKH WHUP LQ z�1 HYLGHQWO\ FDQFHOV RXW WR ]HUR�

7KH FRHpFLHQW RI z�1b� LV b�
31

L �5H�mL�� ZKLFK LV QHJDWLYH E\ DVVXPSWLRQ
�LLL�� 7KXV K KDV GHJUHH �1 b� DQG D QHJDWLYH OHDGLQJ FRHpFLHQW� 7KHQ S�Z�  5
Z

� z�Pb�1K�z� Gz LV D SRO\QRPLDO LQ Z RI GHJUHH �1 � ZLWK QHJDWLYH OHDGLQJ
FRHpFLHQW� +HQFH� IRU ODUJH SRVLWLYH Z� K�Z� LV QHJDWLYH� 7KDW FRPSOHWHV WKH
SURRI RI WKH OHPPD�
:H ZLOO DOZD\V DVVXPH WKDW W LV VPDOO HQRXJK WKDW $� DQG %� DUH DQDO\WLF

LQ WKH GLVN RI UDGLXV 5W� /HW �� EH D &
Q UHDO IXQFWLRQV RI D UHDO YDULDEOH [ VXFK
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����[� � � IRU 5W � [ � �� � W�5W

���[�  � IRU [ w �� � W�5W

,W IROORZV IURP WKH VWDWHG FRQGLWLRQV WKDW � � ���[� � � IRU DOO [� 'HnQH
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� � ���  �� :H FDQ REWDLQ
�� E\ WUDQVODWLQJ DQG VFDOLQJ D VLPLODU IXQFWLRQV ZKLFK YDULHV RQ >���@ LQVWHDG
RI >5W� �� � W�5W@� DQG MRLQLQJ LW ZLWK DQRWKHU VXFK IXQFWLRQ WKDW LQFUHDVHV IURP
� WR � RQ >�� �@ LQVWHDG RI >b5W���@� :H ZLOO QHHG DQ HVWLPDWH RQ ���� 6LQFH ��
PXVW FKDQJH E\ � LQ DQ LQWHUYDO RI OHQJWK W�5� WKH PDJQLWXGH RI ��� PXVW EH
VRPHZKHUH DW OHDVW � �W�5�� EXW ZH FDQ DUUDQJH WKDW LWV PDJQLWXGH LV DW PRVW
D FRQVWDQW WLPHV WKDW� )RU UHDVRQV WKDW ZLOO EHFRPH FOHDU EHORZ ZH FKRRVH WKH
FRQVWDQW WR EH H��
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7KDW ZLOO IROORZ LI WKH XQVFDOHG IXQFWLRQ ZKLFK YDULHV RQ >���@ LQVWHDG RI >5W� ���
W�5W@ KDV GHULYDWLYH ERXQGHG E\ H�� ZKLFK LV HDV\ WR DUUDQJH� :H VKDOO HYHQWXDOO\
QHHG WR FRQWURO WKH Q�WK GHULYDWLYHV RI �� DV ZHOO� ,I ZH VWDUW ZLWK D &

1 IXQFWLRQ
� YDU\LQJ RQ >�� �@ DQG VFDOH LW WR YDU\ RQ >�� W�@ LQVWHDG� E\ GHnQLQJ ��[�  
��W�[�� WKHQ ��Q��[�  W�Q��Q��[�� ,W IROORZV WKDW ZH FDQ FRQVWUXFW �� WR VDWLVI\
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,W LV HDV\ WR VHH E\ LQGXFWLRQ WKDW WKH H[SRQHQW LQ DQ HVWLPDWH RI WKLV IRUP
FDQQRW EH LPSURYHG�
+RZHYHU� ZH ZLOO QHHG D VKDUSHU HVWLPDWH RQ ��� LQ RUGHU WR SURYH PRQR�

WRQLFLW\� :H QHHG WKLV RQO\ RQ WKH LQWHUYDO >b5W���@� (VVHQWLDOO\� WKH IROORZLQJ
OHPPD VD\V WKDW ZH FDQ FKRRVH �� WR KDYH LWV VWHHSHVW VORSH QHDU WKH RULJLQ�
VR WKDW ZKHQ ] LV QHDU b5W�� ��� LV QRW VR ODUJH� 7KH SUHYLRXV HVWLPDWHV FRXOG
EH VDWLVnHG E\ D �VPRRWKHG�RXW� OLQHDU ��� EXW WKH VKDUSHU HVWLPDWH UHTXLUHV D
�VPRRWKHG�RXW� ORJDULWKPLF ���

/HPPD � :H FDQ FRQVWUXFW �� WR VDWLVI\ WKH SURSHUWLHV VWDWHG DERYH� LQFOXGLQJ
��� DQG ���� DQG DOVR
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3URRI � $V DERYH� ZH FRXOG UH�VFDOH E\ D IDFWRU RI W�� DQG WKHQ DVVXPH W  ��
+RZHYHU� LW LV QRW GLpFXOW WR UHWDLQ WKH IDFWRUV RI W� DQG ZH GR UHWDLQ WKHP IRU
WKH EHQHnW RI DQ\ UHDGHUV ZKR PD\ GRXEW WKDW LW LV VXpFLHQW WR DVVXPH W  ��
'HnQH
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7KH PD[LPXP YDOXH RI �� LV DW WKH ULJKW�KDQG HQG RI WKLV LQWHUYDO� QDPHO\
[  b5W� H�� DQG KHQFH
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([WHQG � WR EH GHnQHG IRU DOO [ E\ PDNLQJ ��[�  � IRU [ � b5W� DQG ��[�  �
IRU b5W� H� � [ � 5W� 7KHQ IRU 5W � [ � �� � W�5W� ��[� GHFUHDVHV IURP � WR
�� 2Q WKLV LQWHUYDO D OLQHDU GHFUHDVH ZLOO VXpFH� DV ZH GR QRW QHHG WKH VKDUSHU
ERXQG RQ �� WKDW ZRXOG UHVXOW IURP D ORJDULWKPLF GHFUHDVH�
7KHQ ZH FRXOG WDNH ��  � H[FHSW IRU WKH IDFW WKDW � LV QRW VPRRWK DW WKH

?FRUQHUV�� [  b5W� DQG [  b5W� H�� :H ZLOO GHnQH �� E\ ?URXQGLQJ Rm
WKH FRUQHUV� RI �� VR DV WR PDNH �� D &Q IXQFWLRQ� 6SHFLnFDOO\ ZH GHnQH �� DV
D FRQYROXWLRQ LQWHJUDO ZLWK D ?PROOLnHU� i� 'HnQH i WR EH D SRVLWLYH VPRRWK
IXQFWLRQ ZLWK VXSSRUW LQ >bW�� W�@� DQG LQWHJUDO �� DQG GHnQH
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7KH OLPLWV RI LQWHJUDWLRQ DUH XQLPSRUWDQW EHFDXVH ERWK � DQG i KDYH ERXQGHG
VXSSRUW� ZH PD\ WDNH WKH OLPLWV RI LQWHJUDWLRQ WR EH b� DQG � IRU H[DPSOH�
:H FDQ GLmHUHQWLDWH WKLV HTXDWLRQ� GLmHUHQWLDWLQJ XQGHU WKH LQWHJUDO VLJQ RQ WKH
ULJKW DQG WKHQ LQWHJUDWLQJ E\ SDUWV WR REWDLQ
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IRU VXpFLHQWO\ VPDOO W� 7KXV ZH KDYH HVWDEOLVKHG WKH GHVLUHG ERXQG RQ ��

� IRU [
EHWZHHQ b5W� b W� DQG b5W� H� � W�� %XW RXWVLGH WKHVH UHJLRQV� IRU QHJDWLYH
[� �� LV FRQVWDQW� VR WKH ERXQG LV HVWDEOLVKHG IRU QHJDWLYH [� 7KHQ �� GHFUHDVHV
LQ WKH LQWHUYDO >5W� �� � W�5W@� +HUH ZH GR QRW QHHG D SRLQWZLVH ERXQG� DQG D
�PROOLnHG� OLQHDU GHFUHDVH IURP � WR � ZRXOG VXpFH� EXW WKH VKRUWHVW ZD\ WR
nQLVK WKH SURRI LV VLPSO\ WR OHW �� RQ WKLV LQWHUYDO RI OHQJWK 5� EH GHnQHG DV
D UHoHFWLRQ DQG WUDQVODWLRQ RI �� RQ WKH LQWHUYDO >b5W�� �@� VLQFH UHoHFWLRQV DQG
WUDQVODWLRQV SUHVHUYH WKH PDJQLWXGH RI WKH GHULYDWLYH� WKH ERXQGV ZH HVWDEOLVKHG
RQ >b5W�� �@ DSSO\ WR �� VR GHnQHG�
7KH IXQFWLRQ �� LV DV PDQ\ WLPHV GLmHUHQWLDEOH DV i� LQ SDUWLFXODU LW LV &

Q�

:H GR QRW FODLP WKDW �
�Q�
� LV JLYHQ E\ FRQYROXWLRQ RI ��Q� ZLWK i� EHFDXVH DIWHU

WKH nUVW GHULYDWLYH WKHUH PD\ EH ERXQGDU\ WHUPV LI ZH LQWHJUDWH E\ SDUWV� VLQFH
�� LV QRW FRQWLQXRXV� %XW ZH GR QRW QHHG WR LQWHJUDWH E\ SDUWV WR HVWDEOLVK WKDW
�� LV LQ &Q� DQG ZH GR QRW QHHG DQ H[SOLFLW ERXQG RQ DQ\ GHULYDWLYH DERYH WKH
nUVW� ZH RQO\ QHHG WKH 2�Wb�Q� ERXQG JLYHQ LQ ���� 7KLV FRPSOHWHV WKH SURRI RI
WKH OHPPD�
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DQG nQDOO\ ZH GHnQH aX�W� c� WR EH WKH KDUPRQLF H[WHQVLRQ RI WKH ERXQGDU\ YDOXHV
b� a;�W� c�� WR WKH SDUDPHWHU GRPDLQ RI X� aX LV D RQH�SDUDPHWHU IDPLO\ RI KDUPRQLF
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VXUIDFHV ERXQGHG E\ b� 7KH IDFW WKDW IRU HDFK n[HG SRVLWLYH �VXpFLHQWO\ VPDOO�
W� aX WDNHV WKH ERXQGDU\ PRQRWRQLFDOO\� ZLOO EH HVWDEOLVKHG LQ /HPPD �� EHORZ�
1RWH WKDW ZKHQ W  � ZH KDYH �� LGHQWLFDOO\ ]HUR DQG �� LGHQWLFDOO\ �� DQG aX
WKHQ FRLQFLGHV ZLWK X�
5HPDUN� 2ULJLQDOO\ LW VHHPHG QDWXUDO WR PDNH �� DQ HYHQ IXQFWLRQ� WDNLQJ
WKH YDOXH � RQ WKH LQWHUYDO >b5W�5W@� EXW WKHQ WKH IDPLO\ aX GRHV QRW WDNH WKH
ERXQGDU\ PRQRWRQLFDOO\ RQ ERWK VLGHV RI WKH RULJLQ� ,W LV QHFHVVDU\ WR PDNH WKH
YDULDWLRQ HVVHQWLDOO\ RQO\ RQ RQH VLGH RI WKH RULJLQ� E\ OHWWLQJ �� EH � RQO\ RQ
>��5W@� :H OHW �� UHWXUQ WR ]HUR DV QHDU WKH RULJLQ DV SRVVLEOH IRU QHJDWLYH [�
7KLV ZRUNV DJDLQVW PRQRWRQLFLW\� EXW QRW HQRXJK WR GHVWUR\ PRQRWRQLFLW\� DV
WKHUH DUH RWKHU WHUPV WKDW RXWZHLJK WKH FRQWULEXWLRQ IURP WKLV LQWHUYDO RI OHQJWK
RQO\ W�5�

*HRPHWULF ERXQGV RQ WKH LQGH[

7KHRUHP � *HRPHWULF ERXQGV RQ WKH LQGH[� /HW X KDYH D ERXQGDU\ EUDQFK

SRLQW RI RUGHU0 DQG LQGH[ N RQ D UHDO�DQDO\WLF ERXQGDU\ VHJPHQW b SDUDPHWUL]HG
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S � � � ��� 7KHQ N � �0 ���S�

5HPDUN � :LHQKROW] KDV VKRZQ �SULYDWH FRPPXQLFDWLRQ� WKDW WKLV ERXQG LV EHVW�
SRVVLEOH� E\ FRQVWUXFWLQJ H[DPSOHV RI EUDQFK SRLQWV ERXQGHG E\ UHDO DQDO\WLF
DUFV XVLQJ WKH VROXWLRQ RI %MRUOLQJ
V SUREOHP JLYHQ LQ >�@�
3URRI � :H KDYH I�]�  

3
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FL]
L� 1RWH WKDW WKH nUVW QRQ]HUR

HL LV D0 � ZKHUH 0 LV WKH RUGHU RI WKH EUDQFK SRLQW� ,I X LV PRQRWRQLF RQ WKH
ERXQGDU\� DV LV WKH FDVH LQ 3ODWHDX
V SUREOHP� WKHQ 0 PXVW EH HYHQ� DQG ZH
KDYH 0  �P� EXW LW LV QRW QHFHVVDU\ WR DVVXPH WKDW LQ WKLV VHFWLRQ� VR ZH
FRQWLQXH WR ZULWH 0 IRU WKH RUGHU� :H KDYH GHnQHG p DQG y LQ WKH SUHYLRXV
VHFWLRQ�
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:H KDYH X�]�  b�~�]�� IRU UHDO ]� 7R HPSKDVL]H WKDW ZH DUH FRQVLGHULQJ
UHDO ] ZH ZULWH [ LQVWHDG RI ]� 'LmHUHQWLDWLQJ ZLWK UHVSHFW WR [ ZH KDYH GX G[  
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:ULWLQJ RXW WKH WKLUG FRPSRQHQW RI WKLV YHFWRU HTXDWLRQ� ZH KDYH �RQ WKH
UHDO D[LV�
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:RUNLQJ QRZ RQ WKH OHIW�KDQG VLGH� WKH UHDO SDUW RI IJ EHJLQV HLWKHU ZLWK WKH
WHUP LQ ]0�N�p� RU ZLWK WKH WHUP ]0�N�y� GHSHQGLQJ RQ ZKLFK LV VPDOOHU� p RU
y� RU FRQFHLYDEO\� WKHVH WZR WHUPV FRXOG FDQFHO DQG WKH nUVW WHUP ZRXOG EH DQ
HYHQ KLJKHU SRZHU RI ]� ,I RQH RI p RU y LV QRW GHnQHG EHFDXVH WKH FRHpFLHQWV
RI I DUH DOO UHDO RU WKRVH RI J DUH DOO LPDJLQDU\� WKHQ WKH UHDO SDUW RI IJ EHJLQV
ZLWK ZKLFKHYHU WHUP GRHV H[LVW� 7KXV ZH KDYH RQH RI WKH IROORZLQJ DOWHUQDWLYHV�
(LWKHU
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RU
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RU y  p DQG N�y � �0���S� 1RWH WKDW LI DOO WKH FRHpFLHQWV RI I DUH UHDO� VR y
LV QRW GHnQHG� RQO\ WKH VHFRQG DOWHUQDWLYH LV SRVVLEOH� ZKLOH LI DOO WKH FRHpFLHQWV
RI J DUH LPDJLQDU\� RQO\ WKH nUVW DOWHUQDWLYH LV SRVVLEOH� ,Q DOO WKUHH FDVHV� ZH
KDYH WKH GHVLUHG FRQFOXVLRQ N � �0 � ��S�

$QRWKHU JHRPHWULF OHPPD

5HFDOO WKDW WKH QXPEHU y LV WKH OHDVW H[SRQHQW VXFK WKDW WKH FRHpFLHQW ( RI
]�P�y LQ WKH :HLHUVWUDVV IXQFWLRQ I RI X KDV D QRQ]HUR LPDJLQDU\ SDUW� $OVR
UHFDOO WKH GHnQLWLRQ RI p� FN�p[

N�p LV WKH nUVW WHUP LQ J ZKRVH FRHpFLHQW KDV D
QRQ]HUR UHDO SDUW� �,W LV SRVVLEOH D SULRUL WKDW p  ���

/HPPD � /HW X EH D PLQLPDO VXUIDFH SDUDPHWUL]HG LQ WKH XSSHU KDOI SODQH� ZLWK

D ERXQGDU\ EUDQFK SRLQW DW RULJLQ� 6XSSRVH WKDW X VSDQV D &� -RUGDQ FXUYH b
VXFK WKDW DW WKH EUDQFK SRLQW� b SDVVHV WKURXJK WKH RULJLQ WDQJHQW WR WKH ;�D[LV�

6XSSRVH WKDW QHDU WKH RULJLQ b KDV D SDUDPHWUL]DWLRQ DV GLVFXVVHG DERYH� VR WKDW
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ZKHUH � � � VWDQGV IRU WHUPV LQYROYLQJ KLJKHU SRZHUV RI [ WKDQ WKRVH VKRZQ� 6XS�
SRVH WKDW y  �� 7KHQ ZH KDYH
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2Q WKH RWKHU KDQG� IURP WKH SDUDPHWUL]DWLRQ RI b DQG WKH IDFW WKDW X VSDQV b�
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&RPSDULQJ WKLV ZLWK ���� ZH nQG �P � �  ��P � ���T � �� b �� 6XEWUDFWLQJ
��P� IURP ERWK VLGHV ZH nQG �  ��P � ��T� ZKLFK LV LPSRVVLEOH VLQFH T w �
DQG P w �� 6LQFH y w � E\ GHnQLWLRQ� WKDW FRPSOHWHV WKH SURRI RI WKH OHPPD�

$ SRWHQWLDO�WKHRUHWLF OHPPD

:H ZLOO QHHG WR ERXQG WKH QRUPDO GHULYDWLYHV �aX\ DQG �aX\� RU DW OHDVW WKHLU
GLmHUHQFHV IURP �X\ DQG �X\� LQ WHUPV RI WKH ERXQGDU\ YDOXHV RI aX� /HW K EH D
KDUPRQLF IXQFWLRQ LQ WKH XQLW GLVN� ,W LV ZHOO�NQRZQ �DQG HDVLO\ SURYHG� VHH H�J�
>�@� S� ��� WKDW UK LV ERXQGHG E\ { 

S
� WLPHV D ERXQG IRU G�K�HLt� Gt�� :H

DSSO\ WKDW WKHRUHP WR SURYH WKH IROORZLQJ OHPPD�
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/HPPD � 6XSSRVH WKDW IRU VRPH IXQFWLRQ .�W� ZH KDYH
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7KHQ MLaX\ b
LX\M � &�.�W� IRU DOO [� IRU VRPH FRQVWDQW &� GHSHQGLQJ RQO\ RQ

5� DQG DOO VXpFLHQWO\ VPDOO W�

3URRI� /HW r EH D FRQIRUPDO PDSSLQJ IURP WKH XQLW GLVN WR WKH XSSHU KDOI SODQH�
'HnQH K�]�  LaX�r�]��bLX�r�]��� 6LQFH aX�[�  X�[� IRU UHDO [ RXWVLGH >bW5� W5@�
ZH KDYH G�K�HLt� Gt�  � RXWVLGH rb��>bW5� W5@�� :H GHnQH
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:H QHHG WR FKHFN WKDW D ERXQG RQ WKH VHFRQG GHULYDWLYH +[[ WUDQVODWHV WR D
ERXQG RQ WKH VHFRQG GHULYDWLYH G�K�HLt� Gt�� )RU WKLV FRPSXWDWLRQ ZH QHHG DQ
H[SOLFLW H[SUHVVLRQ IRU r�]�� :H FDQ WDNH
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LV D OLQHDU IUDFWLRQDO WUDQVIRUPDWLRQ� LW WDNHV FLUFOHV RQWR FLUFOHV RU OLQHV� VR LW
WDNHV WKH XQLW FLUFOH RQWR WKH [�D[LV� 6LQFH LW WDNHV � WR L� LW WDNHV WKH XQLW GLVN
RQWR WKH XSSHU KDOI�SODQH� :H KDYH
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6LQFH + LV QRQ]HUR RQO\ RQ >b��� W�5W� ��� W�5W@� +t LV ERXQGHG E\ �5W WLPHV
DQ\ ERXQG IRU +tt� :H KDYH DVVXPHG M+tt�[�M � .�W�� 3XWWLQJ LQ WKH ERXQGV
IRU WKH GHULYDWLYHV RI +� ZH KDYH
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1RZ ZH DUH LQ D SRVLWLRQ WR DSSO\ WKH WKHRUHP FLWHG DW WKH EHJLQQLQJ RI WKH
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PRQRWRQLFDOO\ QHDU WKH EUDQFK SRLQW WKHQ 0 PXVW EH HYHQ� VD\ 0  �P� 7KH
FRPSOH[ YHFWRU $ VDWLVnHV $�  ��
�LLL� WKH XQLW QRUPDO H[WHQGV FRQWLQXRXVO\ WR WKH EUDQFK SRLQW� 2ULHQWLQJ WKH
VXUIDFH VR WKDW WKH QRUPDO SRLQWV XS DW WKH EUDQFK SRLQW� ZH WKHQ KDYH J�]�  
R��� DQG

�X]  I�]�J�]�  R�M]M�P��

,Q WKH DQDO\WLF FDVH ZH ZRXOG KDYH J�]�  ]N�2�]N��� IRU VRPH N� WKH LQGH[
RI WKH EUDQFK SRLQW� ,Q WKH &��x FDVH� ZH GR QRW NQRZ WKDW WKH J KDV 7D\ORU
FRHpFLHQWV EH\RQG WKH �P�WK� 7KHUHIRUH� ZH GHnQH WKH LQGH[ N WR EH WKH OHDVW
LQWHJHU VXFK WKDW ZH GR QRW KDYH MJ�]�M  R�M]MN�� ,I VXFK DQ LQWHJHU N GRHV QRW
H[LVW WKHQ MJ�]�M  R�M]MN� IRU HYHU\ N� LQ VXFK D FDVH ZH VD\ WKH EUDQFK SRLQW
KDV LQnQLWH LQGH[� 6LQFH J�]�  R��� ZH KDYH N w ��
:H QHHG WKH IROORZLQJ PRUH WKRURXJK DQDO\VLV RI WKH VLWXDWLRQ UHJDUGLQJ WKH

GHnQLWLRQ RI WKH LQGH[ RI D EUDQFK SRLQW DQG WKH EHKDYLRU RI WKH *DXVV PDS
QHDU D EUDQFK SRLQW RQ D &��x ERXQGDU\�

/HPPD �� /HW X EH D PLQLPDO VXUIDFH ZLWK D ERXQGDU\ EUDQFK SRLQW DW RULJLQ�

ERXQGHG E\ D &��x -RUGDQ DUF� DQG RULHQWHG VR WKH QRUPDO SRLQWV XS DW WKH

EUDQFK SRLQW� 7KHQ WKHUH H[LVWV DQ LQWHJHU N VXFK WKDW

IJ��]�  F]�P��N � R�]�P��N�

J�]�  F]N � R�]N�

J]  FN]Nb� � R�]Nb��

,Q SDUWLFXODU WKH EUDQFK SRLQW KDV nQLWH LQGH[ DQG J] LV ERXQGHG�

��



�
3URRI� :H KDYH IJ�  �X] b

�X]� VR IJ
� LV &��x XS WR WKH ERXQGDU\� E\ �L�� %\

�LL� ZH KDYH
IJ��]�  R�]�P�

ZKHQ WKH QRUPDO DW WKH EUDQFK SRLQW SRLQWV XS� 6LQFH WKH UHDO DQG LPDJLQDU\
SDUWV RI IJ� DUH KDUPRQLF� DQG LW LV &� DW WKH ERXQGDU\� LW VDWLVnHV K\SRWKHVLV
��� RQ SDJH ��� RI >�@� DQG KHQFH K\SRWKHVLV �$�� RQ WKH QH[W SDJH� ,I WKH
PLQLPDO VXUIDFH GRHV QRW OLH LQ D SODQH� WKHQ IJ� LV QRW FRQVWDQW� :H FDQ
WKHUHIRUH DSSO\ 7KHRUHP � RQ SDJH ��� RI >�@� ZLWK y LQ WKH WKHRUHP HTXDO WR
�P KHUH� DQG ;  IJ�� 7KH FRQFOXVLRQ LV WKDW

OLP
]��

]b�P�IJ��] H[LVWV

DQG WKHUH LV D OHDVW QRQQHJDWLYH LQWHJHU M VXFK WKDW ZH GR QRW KDYH IJ��]�  
R�M]MM�� DQG IRU WKDW M ZH KDYH

OLP
]��

]bM���IJ��] H[LVWV DQG LV QRW ]HUR�

:H KDYH M  �P��N E\ WKH GHnQLWLRQ RI N DERYH� DQG WKH DV\PSWRWLF IRUPXOD
I�]�  ]�P�R�]�P�� 0RUH SUHFLVHO\� ZH KDYH SURYHG WKDW N H[LVWV� L�H� WKH FDVH
RI LQnQLWH LQGH[ LV LPSRVVLEOH� :H KDYH

IJ��]�  F]�P��N � R�]�P��N�

DQG KHQFH
J�]�  F]N � R�]N��

:H KDYH DV\PSWRWLF H[SDQVLRQV RI I � IJ�� DQG IJ� VLQFH WKHVH DUH GHnQHG E\

I  �X] b L�X]

IJ�  �X] � L�X]

IJ  �X]

DQG DV DERYH� WKHVH IXQFWLRQV DUH &� XS WR WKH ERXQGDU\ E\ �L� DQG WKHQ WKH
WKHRUHP RQ SDJH ��� RI >�@ \LHOGV WKH GHVLUHG DV\PSWRWLF H[SDQVLRQV� 1RZ ZH
FRPSXWH J]� :H KDYH

�IJ��]  I]J
� ��IJJ]

J]  
�IJ��] b I]J

�

�IJ

 
�IJ��]
�IJ

b
I]J

�

�IJ

 
��P��N�F�]�P��Nb� � R�]�P��Nb��

�F]�P�N � R�]P�N�
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b
��P]�Pb� � R�]�Pb����F�]�N � R�]�N��

�F]�P�N � R�]P�N�

 �P� N�F]Nb� � R�]Nb��b �P]b� � R�]b����F]N � R�]N�

 NF]Nb� � R�]Nb��

+HQFH J] DOVR KDV WKH GHVLUHG DV\PSWRWLF EHKDYLRU� 7KDW FRPSOHWHV WKH SURRI
RI WKH OHPPD�
5HPDUN � :H FRXOG QRW DSSO\ WKH WKHRUHP IURP >�@ GLUHFWO\ WR J� VLQFH ZH GR
QRW NQRZ D SULRUL WKDW J H[WHQGV LQ &� IDVKLRQ WR WKH ERXQGDU\�
7KH LQWHJHUV y DQG p FDQQRW EH GHnQHG DV LQ WKH DQDO\WLF�ERXQGDU\ FDVH�

VLQFH WKH UHTXLVLWH SRZHU VHULHV PD\ QRW H[LVW� ,QVWHDG ZH PDNH WKH IROORZLQJ
GHnQLWLRQ�

'HnQLWLRQ � y LV WKH OHDVW LQWHJHU VXFK WKDW IRU VPDOO UHDO [ ZH GR QRW KDYH

,P�MI�[�M�  R�M[My��

p LV WKH OHDVW LQWHJHU VXFK WKDW ZH GR QRW KDYH

5H�MJ�[�M�  R�M[Mp��

7KHRUHP � /HW b EH D &1�x -RUGDQ FXUYH� ZKHUH 1 w � DQG x ! �� 6XSSRVH
b LV QRZKHUH SODQDU �DV GHnQHG DERYH�� /HW X EH D PLQLPDO VXUIDFH RI WKH
WRSRORJLFDO W\SH RI WKH GLVN� ERXQGHG E\ b� ZLWK D ERXQGDU\ EUDQFK SRLQW RI RUGHU
�P RQ b� DQG VXSSRVH Q � P DQG Q � 1 � 7KHQ ZH FDQ FRQVWUXFW D &Q�
VPRRWK RQH�SDUDPHWHU IDPLO\ aX RI PLQLPDO VXUIDFHV ERXQGHG E\ b� FRQWDLQLQJ
WKH RULJLQDO WVXUIDFH X� DQG FRQYHUJLQJ WR X LQ WKH &Q QRUP� VXFK WKDW WKH
'LULFKOHW LQWHJUDO (>aX@ LV OHVV WKDQ (>X@� LQGHHG (>X@b(>aX@ w FW�P�� IRU VRPH
SRVLWLYH FRQVWDQW F�

&RUROODU\ � /HW b EH D &1�x -RUGDQ FXUYH� ZKHUH 1 w � DQG x ! �� 6XSSRVH
b LV QRZKHUH SODQDU �DV GHnQHG DERYH�� ,I X LV D &� UHODWLYH PLQLPXP RI DUHD
�LQ SDUWLFXODU LI LW LV DQ DEVROXWH PLQLPXP RI DUHD� DPRQJ GLVN�W\SH VXUIDFHV
ERXQGHG E\ b� WKHQ X KDV QR ERXQGDU\ EUDQFK SRLQWV�

3URRI� %\ WKH NQRZQ ERXQGDU\ UHJXODULW\ UHVXOWV �>�@� S� ���� X LV RI FODVV &1�x

DW WKH ERXQGDU\� LQ SDUWLFXODU RI FODVV &1 � 7KLV LV QHHGHG RQO\ DW WKH HQG� ZKHQ
ZH SURYH WKH FRQYHUJHQFH LQ &Q QRUP RI aX WR X� ,Q WKH UHVW RI WKH SURRI ZH
QHYHU WRRN PRUH WKDQ WZR GHULYDWLYHV RI X� 'HnQH l��W

L� WR PHDQ D WHUP ZKLFK
LV R�WM� IRU HYHU\ M � L� 6XFK D WHUP PLJKW EH R�WL� RU HYHQ ]HUR� 7R LPSO\ WKDW
WKH WHUP LV GHnQLWHO\ QRW R�WL� ZH ZULWH l��W

L�� :H QRZ OLVW WKH FKDQJHV WKDW
QHHG WR EH PDGH WR WKH SURRI JLYHQ DERYH IRU WKH DQDO\WLF FDVH�

�L� 5HSODFH HYHU\ WHUP LQYROYLQJ (Wy�M IRU VRPH M FDQ EH E\ l��W
y�M��

�LL� 5HSODFH HYHU\ WHUP LQYROYLQJ *Wp�M IRU VRPH M E\ l��W
p�M��

��



�LLL� 5HSODFH HYHU\ WHUP LQYROYLQJ WN�M E\ l��W
N�M��

�LY� 5HSODFH HYHU\ WHUP ZLWK DQ DQRQ\PRXV FRQVWDQW &L DQG DQ H[SRQHQW RI
W LQYROYLQJ p� y� RU N E\ DQ l� WHUP ZLWK WKH VDPH H[SRQHQW RI W�
�Y� 5HSODFH HYHU\ HUURU WHUP 2�WM��� ZLWK R�WM��

$IWHU WKHVH UHSODFHPHQWV� WKH SURRI LV VWLOO YDOLG� 7KLV KDV WR EH YHULnHG E\
D GHWDLOHG UHDGLQJ RI WKH SURRI� EXW LV URXWLQH H[FHSW IRU WKH IROORZLQJ SRLQW�
:KHQ FRPSXWLQJ V[[� ZH PXVW GLmHUHQWLDWH %

�  IJ� DQG JHW R�]�P�� %\ WKH
OHPPD DERYH� �IJ��] KDV DQ DV\PSWRWLF H[SDQVLRQ DW WKH EUDQFK SRLQW� VR IJ

�

FDQ EH GLmHUHQWLDWHG DV LQ WKH DQDO\WLF FDVH� 6LPLODUO\ IRU I DQG IJ�
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